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Kelvin Wave and Knot Dynamics on Entangled Vortices
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In this paper, starting from Biot-Savart mechanics for entangled vortex-membranes, a new theory
– knot physics is developed to explore the underlying physics of quantum mechanics. Owning to
the conservation conditions of the volume of knots on vortices in incompressible fluid, the shape of
knots will never be changed and the corresponding Kelvin waves cannot evolve smoothly. Instead,
the knot can only split. The knot-pieces evolves following the equation of motion of Biot-Savart
equation that becomes Schro¨dinger equation for probability waves of knots. The classical functions
for Kelvin waves become wave-functions for knots. The effective theory of perturbative entangled
vortex-membranes becomes a traditional model of relativistic quantum field theory – a massive
Dirac model. As a result, this work would help researchers to understand the mystery in quantum
mechanics.
I. INTRODUCTION
One hundred years ago, Kelvin (Sir W. Thomson) studied the physical properties of vortex-lines that consist of
the rotating motion of fluid around a common centerline. In an incompressible fluid, the vorticity of vortex-lines
manifests itself in the circulation
∮
v · dl = κ where κ is a constant. For classical hydrodynamic vortex-lines, Kelvin
found a transverse and circularly polarized wave[1] (called Kelvin wave), in which the vortex-lines twist around
their equilibrium position forming a helical structure[2]. For two vortex-lines, owing to the nonlocal interaction, the
leapfrogging motion has been predicted in classical fluids from the works of Helmholtz and Kelvin[3–7]. Owing to
Kolmogorov-like turbulence[8, 9], a variety of approaches have been used to study this phenomenon. In experiments,
Kelvin waves has been observed in uniformly rotating 4He superfluid (SF) [10] and Bose-Einstein condensates [11].
In addition, Kelvin and Toit tried to develop an early atomic theory that is linked to the existence and dynamics
of knotted vortex-rings in ether. However, they failed – the fundamental structure of atoms is irrelevant to knots.
Today, the failure reason is clear. The elementary particles in our universe are not classical knots but quantum
objects obeying quantum mechanics and Einstein’s relativity. Quantum mechanics (also known as quantum physics
or quantum theory) is a fundamental branch of modern physics that was proposed from Planck’s solution in 1900
to the black-body radiation problem and Einstein’s 1905 paper which offered a quantum-based theory to explain
the photoelectric effect. After several decades, quantum mechanics is established and becomes a successful theory
that agrees very well with experiments and provides an accurate description of the dynamic behavior of microcosmic
objects. In quantum mechanics, the energy is quantized and can only change by discrete amounts, i.e. E = ℏω
where ℏ is Planck constant. There are several fundamental principles in quantum mechanics: wave-particle duality,
uncertainty principle, and superposition principle. The Schro¨dinger equation describes how wave-functions evolve,
playing a role similar to Newton’s second law in classical mechanics. In quantum mechanics, when considering special
relativity, the Schro¨dinger equation is replaced by the Dirac equation.
However, quantum mechanics is far from being well understood. There are a lot of unsolved mysteries in quantum
mechanics including quantum entanglement problem and quantum measurement problem. Einstein said, ”Quantum
mechanics is certainly imposing. But an inner voice tells me that it is not yet the real thing. The theory says a lot,
but does not really bring us any closer to the secret of the ’old one’. I, at any rate, am convinced that He does not
throw dice.” The exploration of the underlying physics of quantum mechanics is going on since its establishment[12].
There are a lot of attempts, such as De Broglie’s pivot-wave theory[13], the Bohmian mechanics[14], the many-
world theory[15], the Nelsonian Mechanics[16] and the idea of primary state diffusion[17]. However, for all these
interpretations of quantum mechanics, people focus on the issue of quantum motion but miss another important
issue, what is matter (or reality)?
In this paper, we develop a new theory towards understanding quantum mechanics based on three-dimensional (3D)
leapfrogging vortex-membranes in five-dimensional (5D) incompressible fluid. We call the new theory – knot physics.
According to knot physics, it is the 3D quantum Dirac model that characterizes the knot dynamics of leapfrogging
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2FIG. 1: The framework structure of knot physics
vortex-membranes. The knot physics gives a complete interpretation on quantum mechanics. Fig.1 is an illustration
of the framework structure of knot physics.
The paper is organized as below. In Sec. II, we review Biot-Savart mechanics for 3D vortex-membrane in a 5D
incompressible fluid. In Sec. III, the Kelvin waves of 3D vortex-membrane are studied. In this section, the Biot-
Savart mechanics for helical vortex-membranes is mapped onto ”pseudo-quantum mechanics” for a particle, by which
we apply to the calculation of the evolution of a deformed helical vortex-membrane. In Sec. IV, we develop the Biot-
Savart mechanics for entangled vortex-membranes. In addition, we introduce tensor representation to describe the
Kelvin waves. In Sec. V, we develop an emergent quantum mechanics to describe the knot dynamics on knot-crystal.
In particular, a 3D massive Dirac model is obtained to characterize the knot dynamics on the entangled vortex-
membranes. We also address the measurement theory and quantum entanglement of emergent quantum mechanics.
The emergent quantum mechanics help us understand the mysteries of quantum mechanics. Finally, the conclusions
are drawn in Sec. VI.
II. BIOT-SAVART MECHANICS FOR VORTICES
A. The Euler equation on vorticity
In this paper, we would study the vortex in an inviscid incompressible fluid. In condensed matter physics, we
may consider superfluid (SF) as an inviscid incompressible fluid. For a divergence-free inviscid incompressible fluid
(∇ · v = 0), the fluid motion is described by the classical Euler equation:
∂tv +∇vv = −1
ρ
∇p (1)
where v is the fluid velocity field, ρ is the uniform density and p is the pressure function. ∇vv is Riemannian covariant
derivative of the field v in the direction of itself. On the other hand, to characterize vorticity, the Helmholtz form of
the Euler equation is written as
∂tΩ+ LvΩ = 0 , (2)
where Lv is the Lie derivative along the velocity field v and Ω = ∇× v is the vorticity field.
3Vortices are extended objects with singular vorticity in an inviscid incompressible fluid that can be regarded as a
closed oriented embedded subvortex-membrane with Marsden-Weinstein (MW) symplectic structure. For example,
for two dimensional (2D) inviscid incompressible fluid, we have 0-dimensional point-vortices; For 3D case, we have one
dimensional (1D) vortex-lines; For 4D case, we have 2D vortex-surfaces; For 5D case, we have 3D vortex-membranes.
See the illustration of vortex-line in 3D space in Fig.2. In this paper, we focus on 3D vortex-membranes in the 5D
inviscid incompressible fluid.
B. Vortices in inviscid incompressible fluid
1. Point-vortices in 2D inviscid incompressible fluid
Firstly, we review the dynamics of point-vortices within the framework of Marsden-Weinstein symplectic structure.
For N point-vortices in a 2D inviscid incompressible fluid, we define scalar vorticity field
Ω =
N∑
j=1
κj δ(z− zj)(1 ≤ j ≤ N), (3)
where the complex value zj = ξj + iηj denotes the position of the j-th point-vortex and κj denotes the constant
vorticity of j-th point-vortex. So we have a topological condition
∮
C
Ωdl =
N∑
j=1
κj (4)
with loop integral along a closed path C.
According to Kirchhoff’s theorem, the Euler equation for point-vortices is
κj ξ˙j =
∂HKirchhoff
∂ηj
, κj η˙j = −∂HKirchhoff
∂ξj
(5)
or
iκi
dzi
dt
=
δHKirchhoff
δz∗i
(6)
where HKirchhoff is the Kirchhoff Hamiltonian given by
HKirchhoff = − 1
2π
N∑
j<k
κjκk ln |zj − zk|. (7)
The Kirchhoff Hamiltonian is really potential energy that characterizes the long range interaction between two point-
vortices: for two vortices with vorticities of same signs, we have repulsive interaction; For two vortices with vorticities
of opposite signs, we have attractive interaction. In addition, above Euler equation can be changed in term of Poisson
bracket {, } =∑Nj=1 1κj ( ∂∂ξj ∂∂ηj − ∂∂ηj ∂∂ξj ) to be[18, 19]
∂tΩ = {HKirchhoff,Ω}. (8)
2. Vortex-lines in 3D inviscid incompressible fluid
Secondly, we review the dynamics of vortex-lines in 3D inviscid incompressible fluid.
a. Biot-Savart equation vortex-lines are 1D topological objects in 3D inviscid incompressible fluid with ∇·v ≡ 0.
For a fluid with a vortex-line, a rotationless superfluid component flow∇× v = 0 is violated on 1D singularities s(ζ, t),
which depends on the variables – arc length ζ and the time t. Away from the singularities, the velocity increases to
infinity so that the circulation of the fluid velocity remains constant,∮
v · dl = κ (9)
4where v = r˙. As a result, the vortex filament could be described by the Biot-Savart equation
r˙ =
κ
4π
∫
ds× (r− s)
|r− s|3 , (10)
where κ is the circulation and s is the vector that denotes the position of vortex filament. For a 3D superfluid,
κ = h/m is the discreteness of the circulation owing to its quantum nature. h is Planck constant and m is particle
mass of SF.
b. Impulse and angular impulse In fluid with a vortex-line, the conventional momentum of the fluid motion cannot
be well defined. Instead, the hydrodynamic impulse (the Lamb impulse) plays the role of the effective momentum
that denotes the total mechanical impulse of the non-conservative body force applied to a limited fluid volume to
generate instantaneously from rest the given motion of the whole of the fluid at time t. In general, the (effective)
momentum for a vortex-line from Lamb impulse density is defined by
PLamb = ρ0
∫
vdV3D (11)
=⇒ 1
2
ρ0
∫
(s×Ω)dV3D
where dV3D is an infinitesimal volume in 3D fluid and ρ0 is the superfluid mass density. For a vortex-line with a
global velocity U, we have
δH −U · δPLamb = 0. (12)
As a result, the Lamb impulse becomes the right physical quantity describing the momentum of the vortex filament.
By using the definition of a vortex-line[20–24]
Ω = κδs, (13)
we have the (Lamb impulse) momentum
PLamb =
ρ0κ
2
∫
s×ds (14)
and the (Lamb impulse) angular momentum for a vortex-line
JLamb = ρ0
∫
(s× v)dV3D
=
1
2
ρ0
∫
s× (s ×Ω)dV3D. (15)
It is obvious that PLamb and JLamb are conserved quantities, i.e.,
dPLamb
dt
≡ 0 (16)
and
dJLamb
dt
≡ 0. (17)
c. Geometric Biot-Savart mechanics for vortex-lines with 1D Marsden-Weinstein symplectic structure under lo-
calized induction approximation Localized induction approximation (LIA) of the vorticity motion is to keep the local
terms in the vorticity Euler equation. The Biot-Savart mechanics under localized induction approximation for 1D
vortex-lines is reduced to a special classical mechanics – geometric Biot-Savart mechanics for geometric objects with
1D Marsden-Weinstein symplectic structure. The corresponding evolution becomes the vortex filament equation
∂ts = (
κ
4π
ln ǫ)(s′ × s′′), (18)
where ǫ = ℓa0 , ℓ is the length of the order of the curvature radius (or inter-vortex distance when the considered vortex
filament is a part of a vortex tangle) and a0 denotes the vortex filament radius which is much smaller than any other
characteristic size in the system.
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FIG. 2: (a) An illustration of a flat 1D vortex-line in 3D space; (b) An illustration of a curved 1D vortex-line in 3D space. The
local orthogonal coordinate system on vortex-line described by the local vectors s′, s′′, s′ × s′′ is shown.
For an arc-length parametrization, the tangent vectors t = ∂s/∂ζ = s′ have unit length and the acceleration vectors
are s′′ = ∂t/∂ζ = κ · n, i.e., ∂ts = ( κ4π ln ǫ)(s′ × s′′) becomes
∂ts = (
κ
4π
ln ǫ)(κ · b) (19)
where κ and b = t× n denote the curvature value and bi-normal unit vector of the curve s at the corresponding
point, respectively. See the illustration in Fig.2.
In addition, in term of the Hamiltonian Hlength(s), the Biot-Savart equation can be written into
s˙ = Jˆ [
δHlength(s)
δs
] (20)
or
ξ˙ =
∂Hlength(ξ, η)
∂η
, η˙ = −∂Hlength(ξ, η)
∂ξ
. (21)
where Jˆ is an operator rotating the plane by π/2. The Hamiltonian Hlength(s) is defined by
Hlength(s) =
κ ln ǫ
4π
· length(s), (22)
where length(s) =
∫
dx
√
1 +
∣∣ dz
dx
∣∣2 is the length of the vortex-line.
We introduce a complex description on the vortex-line, z = ξ + iη = |z| eiφ where |z| is the amplitude and φ is
the angle in the complex plane. Under LIA[25] and a simple geometrical constraint z′ ≪ 1, in terms of the complex
canonical coordinate z(x), the Biot-Savart equation becomes [8]
i
dz
dt
=
δHlength(z)
δz∗
. (23)
When the vortex-line is rotating dzdt 6= 0, it becomes longer, ∆Hlength(z) 6= 0.
3. 3D vortex-membranes in 5D inviscid incompressible fluid
Thirdly, we develop the physics of 3D vortex-membranes in 5D inviscid incompressible fluid. The Biot-Savart
mechanics under localized induction approximation for 3D vortex-membranes is reduced to 3D geometric Biot-Savart
mechanics for geometric objects with 3D Marsden-Weinstein symplectic structure.
6For 5D case, we have 3D vortex-membranes with MW symplectic structure[19]. The 3D vortex-membrane is defined
by a given singular vorticity
Ω = κδP (24)
where the singular δ-type vorticity denotes the sub-manifold P in 5D space, and κ is the constant circulation strength.
a. Generalized Biot-Savart equation in 5D fluid A generalized Biot-Savart equation in 5D fluid is given by[19]
v(q) = κ
∫
p∈P
Jˆ (ProjN∇pG(q, p)) dV5D, (25)
where ProjNA is the orthogonal projection of A to the fiber NpP of the normal bundle to P at p ∈ P , and the
operator Jˆ is the positive rotation around p by π/2 in extra dimensional space NpP . G(q, p) = α|q−p|−3 is the Green’s
function for the Laplace operator, i.e.
∆pG(q, p) = δq(p), (26)
the δ-function supported at q. dV5D is an infinitesimal volume in 5D fluid and α =
Γ( 52 )
6π
5
2
where Γ(z) is the Gamma
function.
b. Impulse and angular impulse We then consider the (effective) momentum for a vortex-membrane from Lamb
impulse density
PLamb = ρ0
∫
vdV5D (27)
=
1
2
ρ0
∫
(s [×]5DΩ)dV5D.
Here, ”[×]5D” denotes positive rotation around p after vector product in 5D space. On the other hand, the (Lamb
impulse) angular momentum for a vortex-membrane is defined by
JLamb =
∫
(s [×]5D v)dVP
=
1
2
ρ0
∫
s [×]5D (s [×]5DΩ)dV5D. (28)
PLamb and JLamb are also conserved quantities, i.e.,
dPLamb
dt ≡ 0 and dJLambdt ≡ 0.
c. Geometric Biot-Savart mechanics for vortex-membranes with 3D Marsden-Weinstein symplectic structure under
localized induction approximation Under LIA, the generalized Biot-Savart equation for a 3D vortex-piece is reduced
into[19]
v(q) ≃ (κα ln ǫ) · J(MC(p)) (29)
where MC(p) is the mean curvature vector to P at the point p. The mean curvature vector MC(p) ∈ NpP is the
mean value of the curvature vectors of geodesics in P passing through the point p when we average over the sphere
S4 of all possible unit tangent vectors in TpP for these geodesics. Thus, the generalized Biot-Savart equation under
LIA is given by the skew-mean-curvature flow
∂P (p)
∂t
= −(κα ln ǫ)J(MC(p)). (30)
According to the fact that the mean curvature vector field is the gradient to the volume functional, the generalized
Biot-Savart equation for a 3D vortex-piece under LIA can be described by Hamiltonian formula and the Hamiltonian
on the vortex-membranes is just 3-volume
Hvolume(P ) = (κα ln ǫ) · volume(P ) (31)
with volume(P ) =
∫
P dVP . In term of the Hamiltonian H(P ) for 3D vortex-membrane, the generalized Biot-Savart
equation becomes
∂P (p)
∂t
= (κα ln ǫ)Jˆ [
δH(P )
δP
]. (32)
7FIG. 3: Comparision between classical mechanics for mass-point and (geometric) Biot-Savart mechanics for vortices
The volume of the subvortex-membrane P becomes a conserved quantity that plays the role of Hamiltonian function
of the corresponding dynamics. In addition, the generalized Biot-Savart equation becomes
ξ˙ =
∂Hvolume(ξ, η)
∂η
, η˙ = −∂Hvolume(ξ, η)
∂ξ
. (33)
In complex representation, z = ξ + iη, Eq.(33) can also be written into[19]
i
dz
dt
=
δHvolume(P )
δz∗
. (34)
In particular, we emphasize that the evolution equation of the subvortex-membrane P is really mechanics of geo-
metric objects – the Hamiltonian Hvolume(P ) is 3-volume
volume(P ) =
∫
P
dVP (35)
that is a geometric quantity and the dynamic variables (ξ(t), η(t)) or z(t) denote the position in extra dimensions that
are also geometric quantities. The generalized Biot-Savart equation is to minimize the 3-volume volume(P ) =
∫
P dVP .
As a result, the vortex-membranes always do the skew-mean-curvature flow that differs by the π/2-rotation from the
mean-curvature vector. The skew-mean-curvature flow does not stretch the subvortex-membrane while moving its
points orthogonally to the mean curvatures. In Fig.3, we compare Newton mechanics for mass-point with (geometric)
Biot-Savart mechanics for vortices.
III. BIOT-SAVART MECHANICS FOR A VORTEX-MEMBRANE: PSEUDO-QUANTUM MECHANICS
FOR SINGLE PARTICLE
The issue of Biot-Savart mechanics for a vortex-membrane is about the dynamic evolution of windings for a vortex-
membrane. We may ask a question – how to characterize the evolution of a non-uniform helical vortex-membrane?
For example, a non-uniform helical vortex-line is shown in Fig.4.(b). We point out that the corresponding Biot-Savart
mechanics is reduced to pseudo-quantum mechanics for single particle. Here, ”pseudo” indicates that this mechanics
just has similar structure to the traditional quantum mechanics but is different.
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FIG. 4: (a) A uniform helical vortex-line; (b) A non-uniform helical vortex-line
A. Kelvin wave and its dispersion
For 1D vortex-lines, there exists Kelvin wave, a transverse and circularly polarized wave, in which the vortex-line
twists around its equilibrium position forming a helical structure. The plane-wave ansatz of Kelvin waves is described
by a complex field[25, 26],
z(x, t) = r0e
±ik·x−iωt+iφ0 (36)
where r0 is the winding radius of vortex-line, k =
π
a > 0 and a is a fixed length that denotes the half pitch of the
windings. φ0 is a constant angle. ± denotes two possible winding directions: left-hand with clockwise winding, or
right-hand with counterclockwise winding. For Kelvin waves on vortex-lines, under LIA, the dispersion is obtained as
ω ≃ ( κ
4π
ln ǫ)k2 (37)
where ǫ ∼ 1ka0 . In mathematics, we can generate a Kelvin wave by an operator Uˆ(x, t) on a flat vortex-line
z(x, t) = Uˆ(x, t)z0, (38)
where
Uˆ(x, t) = ei
∫
[φ(x,t)·Kˆ]dx · ˆ̥ (r0). (39)
Here, z0 = 0 denotes a vortex-membrane with r0 = 0. Uˆ(x, t) = e
i
∫
[φ(x,t)·Kˆ]dx · ˆ̥ (r0) is winding operator with
Kˆ = −i ddφ , φ(x, t) = ±kx − ωt. ˆ̥ (r0) is an expanding operator by shifting radius from 0 to r0 on the membrane,
i.e., ˆ̥ (r0) · 0 = r0. So
(
ˆ̥ (r0)
)−1
is a shrinking operator by shifting radius from r0 to 0 on the membrane, i.e.,(
ˆ̥ (r0)
)−1 · r0 = 0.
We then calculate the physical quantities of the Kelvin waves along winding direction (x-direction), i.e., the projected
angular momentum Jx and the projected momentum px. The projected (Lamb impulse) momentum along the x-
direction px of a vortex-line with a plane Kelvin wave is obtained as[26]
px = PLamb · ex = ±1
2
ρ0κlr
2
0k (40)
that leads to the projected (Lamb impulse) momentum density ρpx =
1
2ρ0κr
2
0 · k. l is the length of the system in
x-direction. The projected (Lamb impulse) angular momentum along x-direction of a vortex-line with a plane Kelvin
9wave is given by[26]
Jx = JLamb · ex = ∓1
2
ρ0κlr
2
0 (41)
that leads to the projected (Lamb impulse) angular momentum density along x-direction ρJx =
∣∣Jx
l
∣∣ = ρ0κ r202 . Here,
we use a mathematic result, ∫
(s×ds)× s · ex ≡ Vcylinder (42)
with a (uniform or non-uniform) helical curve on a cylinder with volume Vcylinder = r
2
0 · l (the symmetric axis is along
x-direction, the radius of cross-section is r, the length along x-direction is l).
For Kelvin waves on a 3D helical vortex-membrane, the plane-wave ansatz is described by a complex field,
z(~x, t) = r0e
±i~k·~x−iωt+iφ0 (43)
where ~k is the winding wave vector on 3D vortex-membrane with
∣∣∣~k∣∣∣ = πa and a is a fixed length that denotes the
half pitch of the windings.
For the plane Kelvin waves on a 3D helical vortex-membrane, we have the Hamiltonian
Hvolume(P ) = (κα ln ǫ)volume(P ) = (κα ln ǫ)
∫
P
dVP
= (κα ln ǫ)
∫∫∫
dxdydz
·
√
1 +
∣∣∣∣ dzdx
∣∣∣∣
2
+
∣∣∣∣ dzdy
∣∣∣∣
2
+
∣∣∣∣ dzdz
∣∣∣∣
2
. (44)
Under local induction approximation and a simple geometrical constraint
∣∣ dz
dx
∣∣2 + ∣∣∣ dzdy ∣∣∣2 + ∣∣ dzdz ∣∣2 ≪ 1, the Hamiltonian
is reduced into
Hvolume(P ) ≃ constant + (κα ln ǫ)
2
∫∫∫
dxdydz
· (
∣∣∣∣ dzdx
∣∣∣∣
2
+
∣∣∣∣ dzdy
∣∣∣∣
2
+
∣∣∣∣ dzdz
∣∣∣∣
2
). (45)
Thus, we derive the dispersion of Kelvin waves as
ω ≃ (ακ ln ǫ)
2
~k2 (46)
where ~k2 = k2x + k
2
y + k
2
z .
The (Lamb impulse) momentum along e˜-direction on vortex-membrane with a plane Kelvin wave z(x, t) =
r0 exp(−iω · t+ i~k · ~x) is obtained as
~pLamb = PLamb · e˜ =± 1
2
ρ0κVP r
2
0k (47)
where Vp is the total volume of the vortex-membrane. The (Lamb impulse) angular momentum of a plane Kelvin
wave along e˜-direction is given by
|JLamb| = |JLamb · e˜| = 1
2
ρ0κVP r
2
0 . (48)
The projected (Lamb impulse) angular momentum is a constant on the vortex-membrane.
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B. Mapping to pseudo-quantum mechanics
We then map the Biot-Savart mechanics for a (constraint) helical vortex-membrane to a pseudo-quantum mechanics.
Firstly, we define the state-vector z~k(~x, t) to denote the helical vortex-membrane as
z~k(~x, t) = r0 exp(−iω · t+ i~k · ~x). (49)
With the help of the operator Uˆ(~x, t) = ei
∫
[φ(~x,t)·Kˆ]dx · ˆ̥ (r0), the Kelvin waves can also be generated from a straight
one,
z~k(~x, t) = Uˆ(~x, t) · z0. (50)
The Hilbert space of pseudo-quantum mechanics for a helical vortex-membrane consists of different states z~k(~x, t). We
use the state vector
[
~k
〉
to denote the state of Kelvin waves of vortex-membranes and the state vector
∣∣∣~k〉 to denote
the state of knots in the following parts.
In general, under LIA, according to superposition principle, we construct the Kelvin wave as
z(~x, t) =
∑
~k
r~k exp(−iω · t+ i~k · ~x) (51)
where r~k is the radius of a partial wave exp(−iω · t+ i~k · ~x). There exists a normalized volume condition,∫
z∗(~x, t)z(~x, t)dVP =
∫
(
∑
~k
∣∣r~k∣∣2)dVP
= VP · r20 . (52)
We may consider the value VP · r20 to be the fixed volume of the system. For example, a 1D standing Kelvin wave
denoted by 1√
2
([k〉+ [−k〉) is a superposition Kelvin wave of two plane Kelvin waves with opposite wave vectors
z(x, t) =
1√
2
(r0e
ik·x−iωt+iφ0 + r0e−ik·x−iωt+iφ0 ) (53)
=
√
2r0 cos(kx)e
−iωt+iφ0 .
For a plane wave, z~k(~x, t) = r0 exp(−iω · t+ i~k · ~x), the (Lamb impulse) momentum is
~p = ~eff~k (54)
where the (Lamb impulse) angular momentum JLamb is obtained as the effective Planck constant ~eff ,
~eff = JLamb =
1
2
ρ0κVP r
2
0 .
The effective Planck constant is proportional to the total volume of the system. The effective energy of a Kelvin wave
is
ELamb = ~effω. (55)
As a result, we define the ”wave-function” of a plane Kelvin wave as
ψ(~x, t) =
√
1
VP r20
z(~x, t) =
1√
VP
exp(−iω · t+ i~k · ~x)
=
1√
VP
exp(
−iELambt+ i~pLamb · ~x
~eff
) (56)
and a generalized constraint Kelvin waves as
ψ(~x, t) =
∑
~k
√
1
VP r20
r~k exp(−iω · t+ i~k · ~x)
=
∑
~k
a~k exp(
−iELambt+ i~pLamb · ~x
~eff
) (57)
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where a~k =
√
1
VP r20
r~k.
For the average value of the effective energy 〈ELamb〉, we have
〈ELamb〉 =
∫
ψ∗(~x, t)ELambψ(~x, t)dVp (58)
=
∫
[
∑
~p
c∗~p exp(
i(ELambt− ~pLamb · ~x)
~eff
)]
ELamb[
∑
~p′
c~p′ exp(
−i(ELambt− ~p′lamb · ~x)
~eff
)]dVp
=
∫
[
∑
~p
c∗~p exp(
i(ELambt− ~pLamb · ~x)
~eff
)]
(i~eff
d
dt
)[
∑
~p′
c~p′ exp(
−i(ELambt− ~p′Lamb · ~x)
~eff
)]dVp
=
∫
ψ∗(~x, t)(i~eff
d
dt
)ψ(~x, t)dVp.
This result indicates that the effective energy becomes an operator
ELamb → HˆLamb = i~eff d
dt
. (59)
Using the similar approach, we derive
〈~pLamb〉 =
∫
ψ∗(x, t)~pLambψ(x, t)dx (60)
=
∫
ψ∗(x, t)(−i~eff d
d~x
)ψ(x, t)dx.
As a result, the (Lamb impulse) momentum also becomes an operator
~pLamb → pˆLamb = −i~eff d
d~x
. (61)
From the dispersion of Kelvin waves, we have
ω ≃ (ακ ln ǫ)
2
~k2.
The energy-momentum relationship ELamb = H(~pLamb) =
(ακ ln ǫ)
2~eff
~p2Lamb determines the equation of motion for vortex-
membranes that becomes the ”Schro¨dinger equation”,
HˆLambψ(~x, t) =
pˆ2Lamb
2mpseudo
ψ(~x, t) (62)
or
i~eff
dψ(~x, t)
dt
=
pˆ2lamb
2mpseudo
ψ(~x, t) (63)
with an effective mass
mpseudo =
~eff
ακ ln ǫ
. (64)
For the eigenstate with eigenvalue ELamb, the wave-function is given by
ψ(~x, t) = f(~x) exp(
iELambt
~eff
) (65)
where f(~x) is spatial function. This corresponds to a twisting motion with fixed twisting angular velocity, ω = ELamb
~eff
.
That means the excitations of the quantum state must have the quantized projected (Lamb impulse) energy,
∆Elamb = nElamb = n~effω (66)
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FIG. 5: Comparision between pseudo-quantum mechanics for helical vortex-membrane and quantum mechanics for single
quantum particle
where n is a positive integer number.
In pseudo-quantum mechanics, there are three conserved physical quantities for helical vortex-membranes: the
energy H(~pLamb) that is proportional to the volume of the vortex-membrane VP = volume(P ); the momentum ~pLamb
that is proportional to the winding number along given direction ~w1D (see below discussion); and the (Lamb impulse)
angular momentum (the effective Planck constant ~eff) that is proportional to the volume of the vortex-membrane in
the 5D fluid VP · r20 .
As a result, the pseudo-quantum mechanics describes the dynamics of a vortex-membrane with fixed volume in
the 5D fluid. Under the constraint, the total degree of freedom of a vortex-membrane is reduced to 1. In Fig.5,
we show the comparison between pseudo-quantum mechanics for helical vortex-membrane and quantum mechanics
for single quantum particle. The quantization of (constraint) Kelvin waves is similar to quantization of a matter
wave in quantum mechanics: a constant JLamb plays the role of the Planck constant ~eff , mpseudo plays the role of
mass in Schro¨dinger equation, and so on. However, they are different. The Kelvin waves are classical waves that
obey deterministic classical mechanics, not probabilistic quantum mechanics. This is why we call it pseudo-quantum
mechanics. In the following parts, we will show that the knots rather than vortex-membranes obey true quantum
mechanics.
C. Winding number and winding-number density
In above part, we derive the equation of motion of Kelvin waves. In principle, the evolution of the system can
be solved. We then introduce winding number and winding-number density to describe the deformed helical vortex-
membrane.
The winding number w1D of two 1D vortex-lines is defined as
w1D =
−i
2πr20
∮
C
z∗(x, t)dz(x, t). (67)
To locally characterize the winding behavior, we define the winding-number density ρwind, ρwind =
∆w1D
∆x . For ex-
ample, for a vortex-line described by a plane Kelvin wave z(x, t) = r0e
−iω·t+ik·x, the winding number w1D = k2π l is
proportional to the length of the system l along the Kelvin wave and the density of winding number ρwind is uniform,
i.e., ρwind =
w1D
l =
k
2π . From this equation, the momentum pLamb is proportional of the winding number w1D.
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According to pseudo-quantum mechanics, the local winding can be described by the density operator of winding
number,
ρwind → ρˆwind = kˆ
2π
(68)
=
1
2π~eff
pˆ = −i 1
2π
d
dx
.
For a vortex-line described by an arbitrary plane Kelvin wave z(x, t) =
∑
k
cke
−iω·t+ik·x, the total 1D winding number
is obtained by the following equation,
w1D = 〈x, t] l · kˆ
2π
[x, t〉 (69)
=
∫
ψ∗(x, t)
l · kˆ
2π
ψ(x, t)dx
=
1
r20
∫
z∗(x, t)
kˆ
2π
z(x, t)dx
=
1
r20
∫
z∗(x, t)(−i 1
2π
d
dx
)z(x, t)dx.
The winding-number density becomes
ρwind(x, t) = z
∗(x, t)(−i 1
2π
1
r20
d
dx
)z(x, t). (70)
For example, a local winding at x = x0 is defined by ρwind(x, t) = δ(x − x0) that corresponds to a sharp changing of
vortex-line; for the case of z(x, t) = constant, there is no winding at all ρwind(x, t) = 0.
In 5D space, we also define the winding number and the winding-number density for a helical vortex-membrane
along different directions.
Along the given direction ~eI , winding number of the vortex-membrane (r0 is a constant) described by plane Kelvin
wave z(xI , t) = r0e
−iω·t+ikI ·xI is well defined. Because an arbitrary Kelvin wave can be described by z(~x, t) =∑
k
cke
−iω·t+i~k·~x, we can use a vector of winding-number density to describe local winding of a vortex-membrane
z(~x, t). So In 3D space, there are three winding-numbers wI1D (I = X,Y, Z) along different directions as
wI1D =
−i
2πr20
∮
CI
z∗(~x, t)dz(~x, t). (71)
where CI denotes the closed path around a flat membrane along different directions. For a vortex-membrane described
by a plane Kelvin wave z(~x, t) = r0e
−iω·t+i~k·~x, the winding number along direction ~eI is given by
wI1D =
kI
2π
LI (72)
that is proportional to the length of the system LI along ~eI -direction and the winding-number density is ρIwind =
kI
2π .
Thus, the local winding along direction ~eI can be described by the operator of winding-number density,
ρˆwind =
kˆI
2π
= −i 1
2π
d
dxI
(73)
where ρˆwind = ρˆwind · ~eI . With the help of ρˆwind, the winding number of a vortex-membrane is obtained as
~w1D = 〈x, t] l · ρˆwind [x, t〉 (74)
=
∫
z∗(~x, t)(−i 1
2πr20
d
d~x
)z(~x, t)dx.
The vector of winding-number density becomes
~ρwind = z
∗(~x, t)(−i 1
2πr20
d
d~x
)z(~x, t). (75)
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Therefore, we answer the question – how to characterize the evolution of a non-uniform helical vortex-membrane?
We consider a deformed vortex-membrane z(~x) as the initial condition. We expand z(~x) by the eigenstates of
Kelvin-waves as z(~x) =
∑
k
cke
i~k·~x. Under time evolution, the function of vortex-membranes becomes z(~x, t) =∑
k
cke
i~k·~xe−iω·t. Finally, the vector of winding-number density for the deformed vortex-membrane is obtained as
~ρwind(~x, t) = z
∗(~x, t)(−i 1
2πr20
d
d~x
)z(~x, t) (76)
=
1
2πr20
∑
k,k′
~k · c∗k′ck · e−i(~k
′−~k)·~x · ei(ω′−ω)·t.
We emphasize that under time evolution, the energy H(~pLamb), the momentum ~pLamb (the total winding number
along given direction w1D) and the (Lamb impulse) angular momentum (the effective Planck constant ~eff) are all
conserved.
In particular, we have the topological representation on action S, i.e.,
S =
∫
pLamb · dx = ~eff
∫
k · dx (77)
= ~eff
∫
2πρwind · dx = 2π~eff · w1D
= heff · w1D.
From the point view of topology, we explain the Sommerfeld quantization condition∮
pLamb · dx = nheff (78)
where heff = 2π~eff and n is an integer number. The Sommerfeld quantization condition is just the topological
condition of the winding number, i.e., ∮
pLamb · dx = heff · w1D
where w1D is the winding number of the helical vortex-membrane.
D. Path integral formulation for winding evolution
In 1948, Feynman derived path integral formulation of quantum mechanics, based on the fact that the propagator
can be written as a sum over all possible paths between the initial point and the final point. With the help of the
path integral, people can calculate the probability amplitude K(~x′, tf ; ~x, ti) from an initial position ~x at time t = ti
(that is described by a state |ti, ~x〉) to position ~x′ at a later time t = tf (|tf , ~x′〉).
Using similar approach, we derive the path integral formulation for pseudo-quantum mechanics. A state [t, ~x〉 in
pseudo-quantum mechanics denotes a local winding at point ~x and time t. Letting the state evolve with time and
project on the state [~x′〉, we have the transition amplitude of the process as
K(~x′, tf ; ~x, ti) = 〈tf , ~x′] [ti, ~x〉 =
∑
n
eiSn/~eff
=
∫
D~pLamb(t)D~x(t)eiS/~eff (79)
where S =
∫
[~pLamb · d~xdt − HˆLamb(~pLamb, ~x)]dt and EˆLamb(~pLamb, ~x) =
~p2Lamb
2mpseudo
Each path contributes eiSn/~eff where
Sn is the n-th classical action i.e.,
∑
n
eiSn/~eff .
Let us discuss the implication of path-integral formulation in pseudo-quantum mechanics.
We firstly consider a state with a local winding at the position (~xi, φ0) and time t = ti where ~xi denotes the original
position and φ0 the phase angle. To calculate the transition amplitude K(~x
′, tf ; ~x, ti) = 〈tf , ~x′] [ti, ~x〉, the winding
splits into pieces. For a winding-piece, the action is denoted by Sn for an arbitrary possible classical path from (~xi, φ0)
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FIG. 6: (a) Uniform entangled vortex-lines; (b) non-uniform entangled vortex-lines. The index A/B denotes vortex-line-A or
vortex-line-B. The red/green spots denote the zeros between two projected vortex-lines.
to (~xf , φn) within time T = tf − ti. In particular, the phase angle φ may be different for a winding-piece moving
along different classical pathes. The phase-changing of a possible classical path is given by
∆φ = φn − φ0 = Sn
~eff
. (80)
Because the path may be not closed, Sn
~eff
may be not an integer number. As a result, we have the transition amplitude
as eiSn/~eff . We summarize the contribution from all windings and get the final transition amplitude as∑
n
ei∆φn =
∑
n
eiSn/~eff (81)
that is just the Feynman’s path integral formulation.
In summary, pseudo-quantum mechanics becomes a toy mechanics to learn the mechanism of true quantum me-
chanics.
IV. BIOT-SAVART MECHANICS FOR TWO ENTANGLED VORTEX-MEMBRANES:
PSEUDO-QUANTUM MECHANICS FOR A TWO-COMPONENT PARTICLE
In this section, we discuss the Biot-Savart mechanics for two entangled vortex-membranes. The issue of Biot-Savart
mechanics for two entangled vortex-membranes is about the dynamic evolution of entanglement between them. Here,
we ask a question – how to characterize the evolution of non-uniform entangled vortex-membranes? For example, a
non-uniform entangled vortex-line is shown in Fig.6.(b). We point out that to characterize the two entangled vortex-
membranes, the corresponding Biot-Savart mechanics is mapped to pseudo-quantum mechanics for a two-component
particle.
A. Biot-Savart mechanics for two entangled vortex-membranes with leapfrogging motion
In this part, we discuss the Biot-Savart mechanics for two entangled vortex-membranes.
In five dimensional space {~x, ξ, η} (~x = (x, y, z)), we introduce a complex description on ξ-η complex plane,
zA/B(~x, t) = ξA/B(~x, t) + iηA/B(~x, t) = rA/B(~x, t)e
iφA/B(~x,t) where rA/B(~x, t) is amplitude and φA/B(~x, t) is angle
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in ξ-η complex plane. The index A/B denotes vortex-line-A or vortex-line-B. Under a simple geometrical constraint,
z′A/B(~x) ∼
|zA/B(~x1)−zA/B(~x2)|
|~x1−~x2| ≪ 1, the generalized Biot-Savart equation can be written into
i
dzA/B
dt
=
δH(zA/B)
δz∗A/B
(82)
where the Hamiltonian is given by[27]
H = Kinetic term + interaction term
= Hvolume +HKirchhoff
≃
∫
[
(ακ ln ǫ)
2
(|z′A|2 + |z′B|2)
− (ακ ln ǫ) ln |zA(~x)− zB(~x)|]dV P+ constant. (83)
Here r0 is the inter-vortex distance and a0 denotes the vortex filament radius, i.e., r0 ≫ a0.
Because the vortex-membranes are almost straight, the nonlocal interactions, varying on vortex-membranes, are
approximated to be similar to those of two straight vortex-membranes that is described by Kirchhoff Hamiltonian,
HKirchhoff .
Now, the Biot-Savart equation of motion for each vortex-membrane is given by[27]
i
∂zA
∂t
=
δH[zA, zB]
δz∗A
,
i
∂zB
∂t
=
δH[zA, zB]
δz∗B
, (84)
where
∂zA
∂t
= i
(ακ ln ǫ)
2
∂2zA
∂~x2
+ i(ακ ln ǫ)
zA − zB
|zA − zB|2 ,
∂zB
∂t
= i
(ακ ln ǫ)
2
∂2zB
∂~x2
− i(ακ ln ǫ) zA − zB|zA − zB|2 . (85)
By introducing zA =
zu+zv
2 and zB =
zv−zu
2 , above equations are transform into[27]
∂zu
∂t
= i
(ακ ln ǫ)
2
∂2zu
∂~x2
+ i(ακ ln ǫ)
2zu
|zu|2 ,
∂zv
∂t
= i
(ακ ln ǫ)
2
∂2zv
∂~x2
. (86)
The plane Kelvin wave solutions are obtained as
zu = r0e
i(~k·~x−ωut+φu), zv = r0ei(
~k·~x−ωvt+φv), (87)
where φu and φv are constant phase angles, and the angular frequencies are
ωu =
(ακ ln ǫ)
2
~k2 − (ακ ln ǫ) 2
r20
(88)
and
ωv =
(ακ ln ǫ)
2
~k2. (89)
In this paper, we set φu = 0 and φv = 0.
For two entangled vortex-membranes, the nonlocal interaction leads to leapfrogging motion. Above solutions of the
Biot-Savart equation can be written into(
zA(~x, t)
zB(~x, t)
)
=
r0
2
(
1 + eiω
∗t
1− eiω∗t
)
ei
~k·~x−iω0t
=
(
rA
rB
)
ei
~k·~x−iω0t+iω∗t/2 (90)
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where the winding radii of two vortex-membranes are rA = r0 cos(
ω∗t
2 ) and rB = −r0i sin(ω
∗t
2 ), respectively. ω0 = ωv =
(ακ ln ǫ)
2
~k2 and ω∗ = ωv − ωu = (ακ ln ǫ) 2r20 denote (global) rotating velocity frequency and (internal) leapfrogging
angular frequency, respectively. From above solutions, we have a constraint condition of total volume, i.e.,
|rA|2 + |rB|2 ≡ r20 . (91)
For global rotating motion with finite ω0, the entangled vortex-membranes are described by plane waves e
i~k·~x−iω0t.
For leapfrogging motion with finite ω∗, the entangled vortex-membranes exchange energy in a periodic fashion. The
winding radii of two vortex-membranes oscillate with a period T = 2πω∗ : At t = 0, helical vortex-membrane-A winds
around straight vortex-membrane-B clockwise (the state [A〉); At t = T4 , the system becomes a symmetric double
helix vortex-membranes (the state ((i + 1) [A〉 − (i − 1) [B〉)/2); At t = T2 , helical vortex-membrane-B winds around
straight vortex-membrane-A (the state [B〉), ...
During leapfrogging process, the Lamb impulse (momentum) and the angular Lamb impulse (angular momentum)
are conserved. The effective Planck constant is obtained as projected (Lamb impulse) angular momentum as ~eff =
JLamb =
1
2ρ0κr
2
0 · VP where VP is the total volume of the system.
We then map the Biot-Savart mechanics to the pseudo-quantum mechanics. The system with two entangled vortex-
membranes is mapped to a two-component particle (not a two-particle case), i.e.,(
i~eff
dzA(~x,t)
dt
i~eff
dzB(~x,t)
dt
)
= HˆLamb
(
zA(~x, t)
zB(~x, t)
)
= [
pˆ2Lamb
2mpseudo
+
~effω
∗
2
· (τx − ~1)]
(
zA(~x, t)
zB(~x, t)
)
(92)
with a constraint
|zA(~x, t)|2 + |zB(~x, t)|2 = 1. (93)
Here, τx = (
0 1
1 0
) is Pauli matrix and ~1 = (
1 0
0 1
). The leapfrogging process is characterized by ~effω
∗
2 · (τx−~1). As a
result, the pseudo-quantum mechanics describes the dynamics of two entangled vortex-membranes with fixed volume
in the 5D fluid. Under the constraint, the total degree of freedom of a vortex-membrane is reduced to 2.
In pseudo-quantum mechanics, there are also three conserved physical quantities for entangled vortex-membranes:
the total energy H(~pLamb) that is proportional to the total volume of the two vortex-membranes VP = volume(P );
the total momentum ~pLamb that is proportional to the linking number between two vortex-membranes (see below
discussion); and the total (Lamb impulse) angular momentum (the effective Planck constant ~eff) that is proportional
to the total volume of the two vortex-membranes in the 5D fluid VP · r20 .
B. Linking number and linking-number density
In above part, we derive the equation of motion of two entangled vortex-membranes. However, due to the leapfrog-
ging process, the winding number and winding-number density are not well defined. Instead, it is the linking number
and linking-number density that characterize the entanglement between two vortex-membranes.
Firstly, we introduce the linking number to characterize entanglement between two vortex-membranes.
The (Gauss) linking-number ζ1D for two 1D vortex-lines is a topological invariable to characterize the entanglement
that is defined as[28]
ζ1D =
1
4π
∮
CA
∮
CB
(sA − sB) · dsA × dsB
|sA − sB|3 . (94)
The 1D linking number is also integer number. The system with different linking numbers has different entanglement
patterns between two vortex-lines.
To locally characterize the entanglement, we define the density of linking-number ρlink,
ρlink =
∆ζ1D
∆x
. (95)
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For the entangled vortex-membranes, owing to the intrinsic reversal symmetry between vortex-membrane-A and
vortex-membrane-B, we can obtain the linking-number density from the winding-number density at special time of
the leapfrogging motion, t = 0, i.e., (
zA(x, t)
zB(x, t)
)
=
(
r0e
ik·x−iωt
0
)
. (96)
At this time, the winding-number density of vortex-membrane-A is ρwind,A =
k
2π . The linking-number density is equal
to ρwind,A,
ρlink = ρwind,A =
ζ1D
l
=
k
2π
. (97)
Because the linking number is a conserved quantity and doesn’t change during leapfrogging motion, the corresponding
operator of linking-number density is given by
ρlinking → ρˆlinking = kˆ
2π
= −i 1
2π
d
dx
. (98)
For two entangled 1D vortex-line, the linking-number is defined by
ζ1D = 〈Z(x, t)] (l · ρˆlinking) [Z(x, t)〉
=
∫
Z
∗(x, t)(−i 1
2π
1
r20
d
dx
)Z(x, t)dx
=
∫
z∗A(x, t)(−i
1
2π
1
r20
d
dx
)zA(x, t)dx
+
∫
z∗B(x, t)(−i
1
2π
1
r20
d
dx
)zB(x, t)dx (99)
where Z(x, t) =
(
zA(~x, t)
zB(~x, t)
)
. Thus, the linking-number density that is proportional to the total momentum pLamb.
is
ρlinking =
1
r20
Z
∗(x, t)ρˆlinkingZ(x, t)
= z∗A(x, t)(−i
1
2π
1
r20
d
dx
)zA(x, t)
+ z∗B(x, t)(−i
1
2π
1
r20
d
dx
)zB(x, t). (100)
In 5D space, the 2D Gauss linking number can only be defined between two 2D closed, oriented, submanifolds given
by[29]
ζ2D =
1
volSn
∫
K×L
Ωk,ℓ(α)
|x|k+1|y|ℓ+1 sinn α [x, dx, y, dy] (101)
where Ωk,ℓ(α) =
∫ π
θ=α sin
k(θ − α) sinℓ θ dθ. Here α(x, y) is the angle between x ∈ X and y ∈ Y , thought of as vectors
in 5D space. So there is no 3D linking number to characterize the entanglement between two 3D vortex-membranes
in 5D fluid.
Instead, we discuss entanglement between two 3D vortex-membranes via (projected) 1D linking number. There are
three 1D linking-numbers ζI1D (I = X,Y, Z) along different directions that are
ζI1D =
1
4π
∮
C
xI,A
∮
C
xI,B
(sIA − sIB) · dsIA × dsIB
|sIA − sIB|3
(102)
where sI = r · ~eI . The vector of linking number is defined as ~ζ1D = (ζX1D, ζY1D, ζZ1D). We define the vector of
linking-number densities and linking-number density operators for 3D vortex-membranes,
~ρIlinking(x, t) =
1
r20
Z
∗(x, t)ρˆIlinkingZ(x, t), (103)
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and
ρˆlinking = (− i
2πr20
d
dxX
,− i
2πr20
d
dxY
,− i
2πr20
d
dxZ
), (104)
respectively. For a vortex-membrane described by a plane Kelvin wave zA(x
I , t) = r0e
−iω·t+ikI ·xI and a constant
vortex-line described by zB(x
I , t) ≡ 0, the 1D linking-number along direction ~eI is given by ζI1D = |
kI |
2π LI and the
density of linking-number ρlink is ρ
I
link =
ζI1D
LI
.
As a result, we answer the question – how to characterize the evolution of non-uniform entangled vortex-membranes?
For a given initial state Z(~x), the linking-number density for the local deformation of entangled vortex-membranes is
obtained as ~ρIlinking(~x, t) =
1
r20
Z
∗(~x, t)ρˆIlinkingZ(~x, t) where
Z(~x) =
∑
k
cke
i~k·~x (105)
→ Z(~x, t) =
∑
k
cke
i~k·~xe−iω·t.
From the point view of topology, the Sommerfeld quantization condition for two-component particle is the topolog-
ical condition of the linking number, i.e., ∮
pLamb · dx = heff · ζ1D.
where ζ1D is the linking number of the two entangled vortex-membranes.
C. Tensor representation for entangled vortex-membranes
1. Tensor states for plane Kelvin waves
In this part, we introduce the tensor representation for Kelvin waves by separating the wave vector along a given
direction into positive part and negative part, ±~k.
For a plane Kelvin wave with fixed wavelength 2a = 2π|~k| along ~e-direction, there are two helical degrees of freedom:
z~k(~x, t) at
~k or z−~k(~x, t) at −~k. After considering the vortex degrees of freedom A or B that characterize the Kelvin
waves on different vortex-membranes, there are four degenerate states to characterize a plane Kelvin wave with fixed
wave-length 2a, i.e., the basis is
[
~k,A
〉
=


z~k,A(~x)
0
0
0

 ,
[
~k,B
〉
=


0
z~k,B(~x)
0
0

 , (106)
[
−~k,A
〉
=


0
0
z−~k,A(~x)
0

 ,
[
−~k,B
〉
=


0
0
0
z−~k,B(~x)

 .
Here,
[
~k,A
〉
denotes a plane Kelvin-wave with wave vector ~k on vortex-membrane-A,
z~k,A(~x) = r0e
i~k·~x; (107)[
~k,B
〉
denotes a plane Kelvin-wave with wave vector ~k on vortex-membrane-B,
z~k,B(~x) = r0e
i~k·~x; (108)[
−~k,A
〉
denotes a plane Kelvin-wave with wave vector −~k on vortex-membrane-A,
z−~k,A(~x) = r0e
−i~k·~x; (109)
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FIG. 7: An illustration of basis of four internal degrees of freedom for plane Kelvin waves in pseudo-quantum mechanics,
[
~k,B
〉
,[
−~k,B
〉
,
[
~k,A
〉
,
[
−~k,A
〉
. The lower figures illustrate linear dispersion for the four elementary states. The red dots denote
the four possible elementary states with opposite wave vectors of the Kelvin waves.
[
−~k,B
〉
denotes a plane Kelvin-wave with wave vector −~k on vortex-membrane-B,
z−~k,B(~x) = r0e
−i~k·~x. (110)
See the illustration in Fig.7.
Thus, an arbitrary plane Kelvin wave can be characterized by a superposed state of the basis along different spatial
directions. We introduce a tensor representation to define the plane Kelvin waves with fixed wave-length,
[Z〉 =
∏
I
[
Z
I
〉
(111)
with
[
Z
I
〉
=


αI1,1
αI1,−1
αI−1,1
αI−1,−1

 (112)
where I denotes the spatial indices, X, Y , Z, ...; i = 1, −1 denotes helical degrees of freedom ~k or −~k; j = 1, −1
denotes the vortex-degrees of freedom A or B. In general, there are d × 2 × 2 elements αIi,j . Each element αIi,j is
proportional to the winding radius of the corresponding plane Kelvin waves. According to the geometric constraint
condition, we have ∣∣αX1,1∣∣2 + ∣∣αX1,−1∣∣2 + ∣∣αX−1,1∣∣2 + ∣∣αX−1,−1∣∣2 = 1, (113)∣∣αY1,1∣∣2 + ∣∣αY1,−1∣∣2 + ∣∣αY−1,1∣∣2 + ∣∣αY−1,−1∣∣2 = 1,∣∣αZ1,1∣∣2 + ∣∣αZ1,−1∣∣2 + ∣∣αZ−1,1∣∣2 + ∣∣αZ−1,−1∣∣2 = 1,
...
So the resulting function for a Kelvin wave with fixed wave-length is given by
Z
I(~x) = αI1,1z~k,A(~x) + α
I
1,−1z~k,B(~x)
+ αI−1,1z−~k,A(~x) + α
I
−1,−1z−~k,B(~x). (114)
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Owing to the fact of the energy degeneracy, all superposed states that consist of four degenerate states along different
spatial directions denoted by different weights αIi,j have the same energy.
2. Tensor operators and tensor order
The tensor states of a plane Kelvin wave can be classified by operator representation.
We define the d × 3 × 4 tensor operators ΓˆIi,j = σIi ⊗ τIj (I = X,Y, Z, ...; i = x, y, z for helical degrees of freedom;
j = 0, x, y, z for the vortex-degrees of freedom) to be
ΓˆXx,x = σ
X
x ⊗ τXx , ΓˆYx,x = σYx ⊗ τYx , ΓˆZx,x = σZx ⊗ τZx , ΓˆXx,0 = σXx ⊗ τX0 , (115)
ΓˆXx,y = σ
X
x ⊗ τXy , ΓˆYx,y = σYx ⊗ τYy , ΓˆZx,y = σZx ⊗ τZy , ΓˆYx,0 = σYx ⊗ τY0 ,
ΓˆXx,z = σ
X
x ⊗ τXz , ΓˆYx,z = σYx ⊗ τYz , ΓˆZx,z = σZx ⊗ τZz , ΓˆZx,0 = σZx ⊗ τZ0 ,
ΓˆXy,x = σ
X
y ⊗ τXx , ΓˆYy,x = σYy ⊗ τYx , ΓˆZy,x = σZy ⊗ τZx , ΓˆXy,0 = σXy ⊗ τX0 ,
ΓˆXy,y = σ
X
y ⊗ τXy , ΓˆYy,y = σYy ⊗ τYy , ΓˆZy,y = σZy ⊗ τZy , ΓˆYy,0 = σYy ⊗ τY0 ,
ΓˆXy,z = σ
X
y ⊗ τXz , ΓˆYy,z = σYy ⊗ τYz , ΓˆZy,z = σZy ⊗ τZz , ΓˆZz,z = σZy ⊗ τZ0 ,
ΓˆXz,x = σ
X
z ⊗ τXx , ΓˆYz,x = σYz ⊗ τYx , ΓˆZz,x = σZz ⊗ τZx , ΓˆXz,0 = σXz ⊗ τX0 ,
ΓˆXz,y = σ
X
z ⊗ τXy , ΓˆYz,y = σYz ⊗ τYy , ΓˆZz,y = σZz ⊗ τZy , ΓˆYz,0 = σYz ⊗ τY0 ,
ΓˆXz,z = σ
X
z ⊗ τXz , ΓˆYz,z = σYz ⊗ τYz , ΓˆZz,z = σZz ⊗ τZz , ΓˆZz,0 = σZz ⊗ τZ0 ,
...
Here, τ
X/Y/Z
0 = ~1 =
(
1 0
0 1
)
. Different tensor states have different tensor operators
〈
Γˆ
I
〉
= 〈Zknot−crystal] ΓˆI [Zknot−crystal〉 (116)
= ~ΓI = ~nIσ ⊗ (~nIτ , τ)
where ΓˆI = σI ⊗ (τI ,~1) and σI , τI are 2×2 Pauli matrices for helical and vortex degrees of freedom, respectively. On
the basis of pseudo-spin base (τIx , τ
I
y , τ
I
z ,~1), the tensor states are determined by the ”direction” of pseudo-spin order
for helical degrees of freedom, 〈
τI
〉
= 〈Z] (~1⊗ τIi ) [Z〉
=
(〈
~1⊗ τIx
〉
,
〈
~1⊗ τIy
〉
,
〈
~1⊗ τIz
〉)
= ~nIτ ,〈
~1
〉
= 〈Z] (~1⊗ ~1) [Z〉 = τ (117)
In general, we have
∣∣~nIτ ∣∣2 + |τ |2 = 1. On the basis of pseudo-spin base (σIx, σIy , σIz ), the tensor states are determined
by the ”direction” of pseudo-spin order for helical degrees of freedom,〈
σI
〉
= 〈Z] (σIi ⊗ ~1) [Z〉 (118)
=
(〈
σIx ⊗ ~1
〉
,
〈
σIy ⊗ ~1
〉
,
〈
σIz ⊗ ~1
〉)
= ~nIσ.
In general, we have
∣∣~nIσ∣∣2 = 1. For example, ~nXσ = (1, 0, 0) is a tensor state along spatial x-direction and helical
x-direction,
〈
σXx ⊗ ~1
〉
= 1,
〈
σXy ⊗ ~1
〉
= 0,
〈
σXz ⊗ ~1
〉
= 0. Because the vortex-degrees of freedom are always trivial,
the vortex-vector ~nIτ is a constant vector along different directions, i.e., ~n
X
τ = ~n
Y
τ = ~n
Z
τ = ~nτ and τ = τ0. Therefore,
in the following parts, we focus on the tensor states ~nIσ for helical degrees of freedom.
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3. Example
For a 1D travelling Kelvin wave Z(~x) =
(
zA(~x)
zB(~x)
)
= r0e
i~k·~x
(
1
1
)
, or Z(~x) =
(
zA(~x)
zB(~x)
)
= r0e
−i~k·~x
(
1
1
)
, the
tensor state is represented by
[
Z
X
〉
=


αI1,1
αI1,−1
αI−1,1
αI−1,−1


=


1
1
0
0

 , (119)
or
[
Z
X
〉
=


αI1,1
αI1,−1
αI−1,1
αI−1,−1

 (120)
=


0
0
1
1

 ,
of which the tensor state is denoted by 〈
σX(x)⊗ ~1
〉
= ~nXσ = (0, 0,±1). (121)
We call it plane σz-Kelvin wave.
For a standing Kelvin wave described by Z(~x) =
(
zA(~x)
zB(~x)
)
=
√
2r0 cos (k · x)
(
1
1
)
or i
√
2r0 sin (k · x)
(
1
1
)
, the
tensor state is represented by
[
Z
X
〉
=
1√
2


1
1
1
1

 , (122)
or
[
Z
X
〉
=
1√
2


1
1
−1
−1

 , (123)
of which the tensor state is denoted by 〈
σX(x)⊗ ~1
〉
= ~nXσ = (±1, 0, 0). (124)
We call it σx-Kelvin wave.
Next, we discuss the 2D plane Kelvin waves.
For a 2D σz-Kelvin wave described by Z(~x) =
(
zA(~x)
zB(~x)
)
= r0
(
1
1
)
e±i~k·~x, the tensor state can be represented by
[
Z
X
〉
=
[
Z
Y
〉
=


1
1
0
0

 (125)
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or
[
Z
X
〉
=
[
Z
Y
〉
=


0
0
1
1

 . (126)
The tensor state is denoted by 〈
σX ⊗ ~1
〉
= ~nXσ = (0, 0,±1), (127)〈
σY ⊗ ~1
〉
= ~nYσ = (0, 0,±1).
Another 2D plane Kelvin wave with fixed wave-length is standing Kelvin-wave. Along x-direction, the function of
plane Kelvin wave becomes
Z(x) =
(
zA(x)
zB(x)
)
=
1√
2
r0(e
ik·x + e−ik·x)
(
1
1
)
(128)
=
√
2r0 cos(k · x)
(
1
1
)
;
along y-direction, the function of the plane Kelvin wave becomes
Z(y) =
(
zA(y)
zB(y)
)
=
1√
2
r0(e
ik·y + ie−ik·y)
(
1
1
)
. (129)
The tensor state is represented by
[
Z
X
〉
=
1√
2


1
1
1
1

 (130)
or
[
Z
Y
〉
=
1√
2


1
1
i
i

 . (131)
The tensor state is denoted by 〈
σX ⊗ ~1
〉
= ~nXσ = (1, 0, 0), (132)〈
σY ⊗ ~1
〉
= ~nYσ = (0, 1, 0).
For the plane Kelvin wave along x-direction, we have,〈
σX ⊗ ~1
〉
= (1, 0, 0); (133)
For the plane Kelvin wave along y-direction, we have,〈
σY ⊗ ~1
〉
= (0, 1, 0). (134)
Thirdly, we discuss 3D plane Kelvin waves with fixed wave-length.
For a 3D plane σz-Kelvin waves with fixed wave-length described by Z(~x) =
(
zA(~x)
zB(~x)
)
= r0e
±i~k·~x
(
1
1
)
, the tensor
state is represented by
[
Z
X
〉
=
[
Z
Y
〉
=
[
Z
Z
〉
=


1
1
0
0

 , (135)
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or
[
Z
X
〉
=
[
Z
Y
〉
=
[
Z
Z
〉
=


0
0
1
1

 , (136)
of which the tensor state is also denoted by〈
σX ⊗ ~1
〉
= ~nXσ = ~n
Y
σ = ~n
Z
σ = (0, 0,±1). (137)
Another 3D plane Kelvin waves with fixed wave-length is described by the following tensor state,
[
Z
X
〉
=
1√
2


1
1
1
1

 , (138)
[
Z
Y
〉
=
1√
2


1
1
i
i

 ,
[
Z
Z
〉
=
1√
2


1
1
0
0

 .
Along x-direction, the function of the plane Kelvin wave becomes
Z(x) =
(
zA(x)
zB(x)
)
=
1√
2
r0(e
ik·x + e−ik·x)
(
1
1
)
(139)
=
√
2r0 cos(k · x)
(
1
1
)
; (140)
along y-direction, the function of the plane Kelvin wave becomes
Z(y) =
(
zA(y)
zB(y)
)
=
1√
2
r0(e
ik·y + ie−ik·y)
(
1
1
)
; (141)
along z-direction, the function of the plane Kelvin wave becomes
Z(z) =
(
zA(z)
zB(z)
)
= r0e
ik·z
(
1
1
)
. (142)
For the tensor state along x-direction, we have,〈
σX ⊗ ~1
〉
= ~nXσ = (1, 0, 0); (143)
For the tensor state along y-direction, we have,〈
σY ⊗ ~1
〉
= ~nYσ = (0, 1, 0); (144)
For the tensor state along z-direction, we have,〈
σZ ⊗ ~1
〉
= ~nZσ = (0, 0, 1). (145)
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4. Generation operator
In this part, we define generator operators for Kelvin waves of different tensor states.
Firstly, we generate the four degenerate states along a given direction
[
~k,A
〉
,
[
~k,B
〉
,
[
−~k,A
〉
,
[
−~k,B
〉
by four
operators [
~k,A
〉
= Uˆ(~k,A) [0〉 , (146)[
~k,B
〉
= Uˆ(~k,B) [0〉 ,[
−~k,A
〉
= Uˆ(−~k,A) [0〉 ,[
−~k,B
〉
= Uˆ(−~k,B) [0〉
with
Uˆ(~k,A) = ei
∫
[φ~k,A(x)·Kˆ]dx · ˆ̥ (r0), (147)
Uˆ(~k,B) = ei
∫
[φ~k,B(x)·Kˆ]dx · ˆ̥ (r0),
Uˆ(−~k,A) = ei
∫
[φ
−~k,A
(x)·Kˆ]dx · ˆ̥ (r0),
Uˆ(−~k,B) = ei
∫
[φ
−~k,B
(x)·Kˆ]dx · ˆ̥ (r0),
where ˆ̥ (r0) is an expanding operator by shifting radius from 0 to r0 on the membrane, Kˆ = −i ddφ , φ(x) = ±kx, and
x is coordinate along ~x direction. Here [0〉 denotes a vortex-membrane with r0 = 0.
Based on the basis


[
~k,A
〉
[
~k,B
〉
[
−~k,A
〉
[
−~k,B
〉


, the generator operator is simplified into
Uˆ(~k,Γ˜I) = ei
∫
Γ˜
I [φ~k(x)·Kˆ]dx · ˆ̥ (r0) (148)
with Γ˜I = (~nIσσ
I)⊗ (~nτ τ + ~1τ0). Then we get

[
~k,A
〉
[
~k,B
〉
[
−~k,A
〉
[
−~k,B
〉


= Uˆ(~k,Γ˜I)


[0〉
[0〉
[0〉
[0〉

 . (149)
For different Kelvin waves with fixed wave-length, the generation operators can be changed from a basis

[
~k,A
〉
[
~k,B
〉
[
−~k,A
〉
[
−~k,B
〉


to another


[
~k,A
〉′
[
~k,B
〉′
[
−~k,A
〉′
[
−~k,B
〉′


by an SU(2)⊗SU(2) rotation operator
Sˆ = Sˆ ⊗ Vˆ , (150)
Sˆ =
∏
I
SˆI with SˆI the SU(2) operation on helical degrees of freedom
SˆI


[
~k
〉
[
−~k
〉

 =


[
~k
〉′
[
−~k
〉′

 (151)
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and Vˆ =
∏
I
Vˆ I with Vˆ I the SU(2) operation on vortex degrees of freedom
Vˆ I
(
[A〉
[B〉
)
=
(
[A〉′
[B〉′
)
. (152)
In this paper, we consider a trivial Vˆ operation, Vˆ ≡ 1 and focus on the effect from SˆI , i.e.,
Sˆ = Sˆ ⊗ 1 =
∏
I
SˆI ⊗ 1. (153)
By doing SˆI operation, we have
σ˜I ⊗ (~nτ τ + ~1τ0)→
(
σ˜I
)′ ⊗ (~nτ τ + ~1τ0)
= Sˆ[σ˜I ⊗ (~nτ τ + ~1τ0)](SˆI)−1, (154)
or
Γ˜
I = σ˜I ⊗ (~nτ τ + ~1τ0)→ (Γ˜I)′ = Sˆ~ΓI Sˆ−1 (155)
= (σ˜I)′ ⊗ (~nτ τ + ~1τ0).
By doing SU(2)⊗SU(2) rotation operation Sˆ, the generation operator rotates as
Uˆ(~k, Γ˜I)→ [Uˆ(~k, Γ˜I)]′ (156)
= SˆUˆ(~k, Γ˜I)Sˆ−1
= Uˆ(~k, (Γ˜I)′).
As a result, after SU(2)⊗SU(2) rotation operation, a tensor state described by ~nIσ changes to another described by(
~nIσ
)′
. Thus, a new basis becomes


[
~k,A
〉
[
~k,B
〉
[
−~k,A
〉
[
−~k,B
〉


→


[
~k,A
〉′
[
~k,B
〉′
[
−~k,A
〉′
[
−~k,B
〉′


= [UˆI(~k, Γ˜I)]′


0
0
0
0

 (157)
= SˆUˆI(~k, Γ˜I)Sˆ−1


0
0
0
0


= Sˆ


[
~k,A
〉
[
~k,B
〉
[
−~k,A
〉
[
−~k,B
〉


.
For example, by using the SU(2)⊗SU(2) rotation operation Sˆ, we can change a 3D σz-Kelvin waves to another
standing Kelvin waves by the rotating generation operators
SˆX = ei
π
2 σy⊗~1, (158)
SˆY = e−i
π
2 σx⊗~1,
SˆZ = 1.
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5. Generalized spatial translation symmetry
We discuss the spatial translation symmetry of plane Kelvin waves with fixed wave-length.
Different plane Kelvin waves of different tensor states
〈
Γˆ
I
〉
= ~ΓI have different translation symmetries. We define
translation operator Tˆ (∆~x) as
Tˆ (∆~x)Z(~x) = Z′(~x+∆~x). (159)
For the case of
T (2a)Z(~x) = Z(~x), (160)
the system has translation symmetry.
The generalized translation symmetry of the plane Kelvin waves is characterized by three translation operators,
Tˆx(2a) = ei2a(kˆ
X ·Γ˜X),
Tˆy(2a) = ei2a(kˆ
Y ·Γ˜Y ),
Tˆz(2a) = ei2a(kˆ
Z ·Γ˜Z), (161)
where Γ˜I is a four-by-four matrix,
Γ˜
I = (~nIσσ
I)⊗ (~nτ τ + ~1τ0).
kˆX = −i ddx (or kˆY = −i ddy , kˆZ = −i ddz ) is wave vector operator. For the plane Kelvin waves described by tensor
state ~nIσ and τ0 = 1, we have
~ΓIZ(~x) = ±I · Z(~x), (162)
where I =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 .
It looks like all plane Kelvin waves with different tensor states ~ΓI have the same translation symmetries as
Tˆ (2a)Z(~x) = Z(~x). (163)
However, in addition to the translation symmetry, there exists generalized translation symmetry by doing a translation
operation T (∆x) = ei∆x(kˆI ·Γ˜I)
Z(~x)→ Z′(~x) (164)
= T (∆x)Z(~x) = e±i·I·k·∆xZ(~x).
Thus, an arbitrary continuous spatial translation operation is combination of a discrete spatial translation operation
|Z(~x, t)〉 → T (∆~x)Z(~x) (165)
= T (|∆~x| = 2a)Z(~x) = Z(~x)
and a global gauge transformation operation
Z(~x)→ Z(~x)ei·I·∆φ (166)
where ∆φ = ik · [2a[(∆x)mod 2a].
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6. Biot-Savart equation in tensor representation
Then we derive the Biot-Savart equation in tensor representation.
For perturbative Kelvin waves, the Biot-Savart equation i
dzA/B(~x,t)
dt =
δHˆ(zA/B(~x,t))
δz∗
A/B
turns into the pseudo-Schro¨dinger
equation
i~eff
dZ(~x, t)
dt
= Hˆ · Z(~x, t) (167)
where Z(~x, t) =


αI1,1(~x, t)
αI1,−1(~x, t)
αI−1,1(~x, t)
αI−1,−1(~x, t)

 denotes perturbative Kelvin waves around the four degenerate Kelvin states and
~eff is the effective Planck constant in pseudo-quantum mechanics. Based on the basis


[
~k
〉
[
−~k
〉

⊗( [A〉
[B〉
)
(k > 0),
we obtain the total Hamiltonian as
Hˆ = Tˆ + Vˆ
=
∑
I
[
(pˆILamb(σ˜
I ⊗ ~1))2
2mpseudo
] +
~effω
∗
2
(~1⊗ (τx − ~1)) (168)
Thus, in tensor representation, the Biot-Savart equation is changed into
i~eff
dZ(~x, t)
dt
= {
∑
I
[
(pˆILamb(σ˜
I ⊗ ~1))2
2mpseudo
] (169)
+
~effω
∗
2
(~1⊗ (τx − ~1))} · Z(~x, t)
= {
∑
I
[
(pˆILamb)
2
2mpseudo
] +
~effω
∗
2
(~1⊗ (τx − ~1))}
· Z(~x, t)
where (pˆILamb(σ˜
I ⊗ ~1))2 = (pˆILamb)2 (pILamb > 0).
7. Zeros and zero-density
In the previous section, we have defined linking number and linking-number density to characterize the deformed
two vortex-membranes. However, the winding number and winding-number density are not well defined for standing
waves. To locally characterize different Kelvin waves, we introduce the zeros between two projected entangled vortex-
membranes. Thus, it is the zero number and zero-number density that characterize the deformation of Kelvin waves
in tensor representation.
a. Projection A d-dimensional vortex-membrane in d+2D space {~x, ξ(~x), η(~x)} can be described by the two-
component function
(
ξ(~x)
η(~x)
)
. We then introduce the concept of projection: a projection of a vortex-membrane along
a given direction θ on {ξ, η} space. In mathematics, the projection is defined by
Pˆθ
(
ξ(~x)
η(~x)
)
=
(
ξθ(~x)
[ηθ(~x)]0
)
(170)
where ξθ(~x) is variable and [ηθ(~x)]0 is constant. In the following parts we use Pˆ to denote the projection operators.
Because the projection direction out of vortex-membrane is characterized by an angle θ in {ξ, η} space, we have(
ξθ
ηθ
)
=
(
cos θ sin θ
sin θ − cos θ
)(
ξ
η
)
(171)
where θ is angle, i.e. θmod 2π = 0. So the projected vortex-membrane is described by the function
ξθ(~x) = ξ(~x) cos θ + η(~x) sin θ. (172)
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b. Zeros between two projected entangled vortex-lines We then define the projection between two entangled vortex-
lines {ξA/B(x, t), ηA/B(x, t)} along a given direction θ in 3D space by
Pˆθ
(
ξA/B(x, t)
ηA/B(x, t)
)
=
(
ξA/B,θ(x, t)[
ηA/B,θ(x, t)
]
0
)
(173)
where ξA/B,θ(x, t) = ξA/B(x, t) cos θ+ ηA/B(x, t) sin θ is variable and
[
ηA/B,θ(x, t)
]
0
= ξA/B(x, t) sin θ− ηA/B(x, t) cos θ
is constant. So the projected vortex-line is described by the function ξA/B,θ(x, t). For two projected vortex-lines
described by ξA,θ(x, t) and ξB,θ(x, t), a zero is solution of the equation
Pˆθ[zA(x, t)] ≡ ξA,θ(x, t) (174)
= Pˆθ[zB(x, t)] ≡ ξB,θ(x, t).
We call the equation to be zero-equation and its solutions to be zero-solution (See the below discussion).
For vortex-lines described by plane wave Z(x, t) =
(
r0e
−iω·t+ik·x
0
)
, there exist periodic zeros. From the zero-
equation ξ0,A,θ(x, t) = ξ0,B,θ(x, t) or cos(kx− ωt− θ) = 0, we get the zero-solutions to be
x(t) = a · n+ a
π
ωt+
a
π
(θ +
π
2
) (175)
where n is an integer number and θ = −π2 . From the projection, we have a 1D crystal of zeros, of which the zero
density ρzero is
ρzero =
k
π
=
1
a
. (176)
Fig.8 shows zeros between two projected vortex-lines. In addition, for this case with zB = 0, the zero-number density is
twice as the linking-number density between two entangled vortex-membranes that is also equal to the winding-number
density for vortex-membrane-A, i.e.,
ρzero ≡ 2ρlinking ≡ 2ρwind. (177)
The zeros from the zero-solution don’t change for a plane Kelvin wave with different tensor states. For a plane
Kelvin wave with clockwise winding characterized by
[
~k
〉
and another plane Kelvin wave with counterclockwise
winding characterized by
[
−~k
〉
, the functions for plane Kelvin waves are r0e
−iω·t+ik·x and r0e−iω·t−ik·x, respectively.
For both cases with fixed time t = 0, up to a constant phase factor, we have the same zero-equation cos(kx) = 0 and
the same zero-solution x(t) = a · n, respectively. For different plane Kelvin waves with different helical degrees of
freedom, we have [Z〉 = α
[
~k
〉
+ β
[
−~k
〉
with |α|2 + |β|2 = 1. As a result, up to a constant phase θ0, a plane Kelvin
wave with the same wave-length but different tensor orders has the same zero-equation
cos(kx− θ0) = 0 (178)
and the same zero-solution
x(t) = a · n+ a
π
(θ0 +
π
2
), (179)
respectively.
Next, we define the zeros from the projection of 3D vortex-membranes in 5D space. a 3D vortex-membrane in 5D
space {~x, ξ(~x), η(~x)} (~x = (x, y, z)) can be described by the two-component function
(
ξ(~x)
η(~x)
)
. Along ~e-direction, for
the helical vortex-membrane described by z(x, t) = r0e
−iω·t+i~k·~x, there exist periodic zeros between them. From the
zero-equation ξ0,A,θ(~x, t) = ξ0,B,θ(~x, t) or cos(~k · ~x− ωt− θ) = 0, we get the zero-solutions to be
~x(t) = (a · n+ a
π
ωt)~e (180)
where n is an integer number and θ = −π2 . So there exist the vector of zero density ~ρzero = (ρx,zero, ρy,zero, ρz,zero)
along three different directions (~ex ~ey, ~ez).
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c. Zero-density operator We define zero-density operator to characterize two vortex-membranes.
According to pseudo-quantum mechanics, for each plane Kelvin wave e−iω·t+ik·x, the linking-number density is
given by ρzero = 2ρlinking =
k
π . Thus, the corresponding zero-density operator is given by
ρzero → ρˆzero = kˆ
π
= −i 1
π
d
dx
. (181)
In tensor representation, we can classify different types of zeros. For two entangled 1D vortex-line, the zero-number
along σz-internal direction is given by
Nσzzero =
∫
Z˜
∗(x, t)[(σz ⊗ ~1) · (−i 1
πr20
d
dx
)]Z˜(x, t)dx
=
∫
z∗↑,A(x, t)(−i
1
πr20
d
dx
)z↑,A(x, t)dx
+
∫
z∗↑,B(x, t)(−i
1
πr20
d
dx
)z↑,B(x, t)dx
+
∫
z∗↓,A(x, t)(−i
1
πr20
d
dx
)z↓,A(x, t)dx
+
∫
z∗↓,B(x, t)(−i
1
πr20
d
dx
)z↓,B(x, t)dx (182)
where Z˜(x, t) =


z↑A(x, t)
z↑B(x, t)
z↓A(x, t)
z↓B(~x, t)

 . The zero-number density is given by
1
r20
Z˜
∗(x, t)[(σz ⊗ ~1) · ρˆzero]Z˜(x, t). (183)
Using similar approach, we define the zero density for standing wave along σx-internal direction
Nσxzero =
1
r20
∫
Z˜
∗(x, t)[(σx ⊗ ~1) · ρˆzero]Z˜(x, t)dx. (184)
The corresponding zero density along σx-internal direction is given by
ρσxzero =
1
r20
Z˜
∗(x, t)[(σx ⊗ ~1) · ρˆzero]Z˜(x, t). (185)
In general, the zero density and zero-density operator are given by
ρ~σzero =
1
r20
Z˜
∗(x, t)[(~σ ⊗ ~1) · ρˆzero]Z˜(x, t). (186)
We also define the tensor of zero densities ρI,~σzero(x
I , t) and its operators ρˆI,~σzero for 3D vortex-membranes, i.e.,
ρI,~σzero(x
I , t) = Z˜∗(xI , t)[(~σ ⊗ ~1) (187)
· (−i 1
πr20
d
dxI
)]Z˜(xI , t),
and
ρˆI,~σzero = (~σ ⊗ ~1) · (−
i
πr20
d
dxI
), (188)
respectively.
Finally, we could use the zero-density tensor ρI,~σzero(x
I , t) to describe the time-evolution of two non-uniform entangled
vortex-membranes: for two entangled vortex-membranes with given initial state Z˜(~x), the time-dependent zero-density
tensor ρI,~σzero(x
I , t) is obtained as ρI,~σzero(x
I , t) = Z˜∗(xI , t)[(~σ ⊗ ~1) · (−i 1
πr20
d
dxI )]Z˜(x
I , t) where
Z˜(~x) =
∑
k
cke
i~k·~x
→ Z˜(~x, t) =
∑
k
cke
i~k·~xe−iω·t. (189)
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FIG. 8: (a) Perfect entangled vortex-membranes; (b) The information of perfect entangled vortex-membranes by projection
...11111111...; (c) The information from projected entangled vortex-membranes with a hole-like knot that is described by the
information, ...11101111...; (d) The information from projected entangled vortex-membranes with a particle-like knot that is
described by the information, ...11121111...
From the point view of information (see below discussion), the Sommerfeld quantization condition for four-
component particle is the condition of the zero number, i.e.,∮
pLamb · dx = heff · 2Nσzzero.
V. EMERGENT QUANTUM MECHANICS IN KNOT PHYSICS
The issue of emergent quantum mechanics is about the dynamic evolution for an object of a zero (a knot) with
volume-changing, another types of local deformation of two entangled vortex-membranes. Here, we ask another
question – how to characterize the evolution of the zeros with volume-changing?
In last section, we found that the deformed knot-crystal is described by the pseudo-quantum mechanics, of which
two entangled vortex-membranes with fixed volume are mapped onto a particle with two internal degrees of freedom in
tensor representation. It is obvious that the physical degrees of freedom for a vortex-membrane (the size VP →∞) are
seriously reduced. Because a vortex-membrane is an extended object, in general, each vortex-piece (vortex filament)
with infinitesimal size (∆VP → 0) has a degree of freedom. So the pseudo-quantum mechanics cannot characterize
the zero fluctuations from volume-changing on entangled vortex-membranes. In the following parts, from point view
of information, we consider the smallest volume-changing on entangled vortex-membranes as an object with a single
zero (∆Vknot ≡ a3r20). We call such object a knot. To characterize knot dynamics, the Biot-Savart mechanics becomes
emergent quantum mechanics, the true quantum mechanics.
A. Basic theory for knots
Before developing emergent quantum mechanics for knots, we review the concept of ”information”.
A generalized definition of the concept ”information” is ”An answer to a specific question”. In general, the answer
is related to data that represents values attributed to parameters. In other words, information can be interpreted
as a data pattern or an ordered sequence of symbols from an alphabet. Take DNA as an example. The sequence
of nucleotides is a pattern that influences the formation and development of an organism. In addition, information
processing consists of an input-output function that maps any input sequence into an output sequence. Therefore,
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information reduces uncertainty. The uncertainty of an event is measured by its probability of occurrence. The more
uncertain an event, the more information is required to resolve uncertainty of that event.
To represent information, information unit must be defined. The bit is a typical unit of information. Example:
information in one ”fair” coin flip: log2(
2
1 ) = 1 bit, and in two fair coin flips is log2(
4
1 ) = 2 bits. In summary, the
information is defined by the following equation
Information = a data pattern of information unit.
The use of knotted strings for record-keeping purposes in China dates back to ancient times. In 2003 J. D. Bekenstein
claimed that a growing trend in physics was to define the physical world as being made up of information itself (and
thus information is defined in this way).
By using projected representation, we show that different entanglement patterns between two vortex-membranes
correspond to different patterns of zeros that are obtained from different zero-solutions, i.e.,
Information = a pattern of zeros between
projected vortex-membranes. (190)
In physics, the information is characterized by the distribution of zeros. Here, the information unit is a zero between
projected vortex-membranes,
Information unit = A zero between two
projected vortex-membranes. (191)
For the case of an extra zero, we have a knot; for the case of missing zero, we have an anti-knot. See the illustration
in Fig.8. The colors of the dots in Fig.8 denotes L and R types of zeros.
1. Definition of a unified knot
Each zero corresponds to a piece of vortex-membranes. We call the object to be a knot, a piece of plane Kelvin-
wave with fixed wave-length. As a result, the system (plane Kelvin-wave with fixed wave-length) can be regarded as
a crystal of knots. I call the system knot-crystal. In this section, we will study knot and show its properties on a
knot-crystal.
We give the mathematic definition of knot.
From point view of information, a knot is an information unit with fixed geometric properties. For example, for 1D
knot, people divide the knot-crystal into N identical pieces, each of which is just a knot. As a result, some properties
of knot can be obtained by scaling the properties of a knot-crystal; From point view of a classical field theory, a
knot is elementary topological defect of a knot-crystal that is always anti-phase changing along arbitrary direction ~e,
Z(~x, t)→ Zknot(~x, t), i.e.,
Zknot(~x→ −∞, t)
Zknot(~x→∞, t) = −
Z(~x→ −∞, t)
Z(~x→∞, t) (192)
Let us show the fact that an information unit must be an anti-phase changing on Kelvin waves.
Based on the projected vortex-membranes, we define a knot by a monotonic function Fθ(x) = ξA,θ(x) − ξB,θ(x)
with
sgn [Fθ(x→ −∞) · Fθ(x→∞)] = −1 (193)
where x denotes the position along the given direction ~e. A knot can be regarded as domain wall of π-phase shifting.
When there exists a knot, the periodic boundary condition of Kelvin waves along arbitrary direction is changed into
anti-periodic boundary condition. So the sign-switching character can be labeled by winding number w1D. The
winding number w1D for a knot along given direction is ± 12 , i.e.,
wI1D =
−i
2π (r0)
2
∫ ∞
−∞
Z
∗
knot(x
I)dZknot(x
I) (194)
=
1
2π
∫ ∞
−∞
dφ(xI)
dxI
dxI
=
1
2π
∫
dφ(xI ) = ±1
2
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where x is the coordinate along the given direction. Because the zero number is twice of winding-number, each zero
∆Nzero = ±1 corresponds to a knot with half winding-number, ∆w1D = ± 12 . A knot is an object with a fractional
winding-number. As a result, the quantum number for a 3D knot can be denoted by
Nknot = 8∆w
X
1D ·∆wY1D ·∆wZ1D = ±1. (195)
On the other hand, from the topological character of a knot, there must exist a point, at which ξA(x) is equal to
ξB(x). The position of the point x is determined by a local solution of the zero-equation
Fθ(x) = 0 (196)
or
ξA,θ(x) = ξB,θ(x). (197)
So each knot corresponds to a zero between two vortex-membranes along the given direction.
In summary, for a knot, there are three properties:
1) Conservation condition: The conservation condition indicates that as an information unit, the existence of a
zero for a knot is independent on the directions of projection angle θ. When one gets a zero-solution along a given
direction θ, it will never split or disappear whatever changing the projection direction, θ → θ′. The type of zeros is
switched L↔ R by rotating the projection angle θ → θ + π (see below discussion);
2) Isotropic property: According to isotropic condition, there exists a single knot solution along arbitrary direction
~e. During rotation operation ~e→ ~e′ = R~e, the zero of the knot still exists but its spin degrees of freedom is rotating
synchronously, σ → σ′ = Rσ;
3) Z2 topological property – each knot is π-phase changing along arbitrary direction ~e. When there exists a knot,
for all Kelvin waves the periodic boundary condition along the given direction is changed into anti-periodic boundary
condition.
For a knot, there are three conserved physical quantities: the energy of a (static) knot that is proportional to the
volume of the knot on vortex-membrane VP = a
3 where a is a characteristic winding length along different directions;
the (Lamb impulse) angular momentum (the effective Planck constant ~knot) that is proportional to the volume of
the knot in the 5D fluid Vknot = VP · r20 = a3 · r20 where r0 is a characteristic winding radius; the winding number
|∆w1D| = 12 or the zero number |∆Nzero| = 1. According to the geometric character of the three conserved physical
quantities, the shape of knot will never be changed. However, the knot can split and the three physical quantities are
conserved for all knot-pieces. Quantum mechanics is a mechanics to determine the distribution of knot-pieces.
2. Degrees of freedom of a knot
For a knot, there exists a zero satisfying conservation condition and Z2 topological property. A knot (a zero) has
four degrees of freedom: two spin degrees of freedom ↑ or ↓ from the helicity degrees of freedom, the other two vortex
degrees of freedom from the vortex degrees of freedom that characterize the vortex-membranes, A or B. The basis to
define the microscopic structure of a knot is given by
|↑,A〉 =


zknot,↑,A(x, t)
0
0
0

 , |↑,B〉 =


0
zknot,↑,B(x, t)
0
0

 , (198)
|↓,A〉 =


0
0
zknot,↓,A(x, t)
0

 , |↓,B〉 =


0
0
0
zknot,↓,B(x, t)


where A/B denotes the degrees of freedom of vortex-membranes; ↑/↓ denotes the degrees of freedom of (pseudo-) spin.
zknot,↑,A/B(x, t) is the knot-function for a knot on vortex-membrane A/B with clockwise winding; zknot,↓,A/B(x, t) is
the knot-function for a knot on vortex-membrane A/B with counterclockwise winding.
Firstly, we discuss spin degrees of freedom of knots. We have shown that there exist two types of winding directions
for a knot
Zknot(x, t) = (
zknot,↑(x, t)
zknot,↓(x, t)
)→ ( |↑〉|↓〉 ). (199)
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A knot with the eigenstates of σz described by |↑〉 or |↓〉 is really a piece of traveling Kelvin waves; A knot with the
eigenstates of σx described by |→〉 = 1√2 (|↑〉+ |↓〉) or |←〉 = 1√2 (|↑〉 − |↓〉) is a piece of standing Kelvin waves; A knot
with the eigenstates of σy described by
1√
2
(|↑〉+ i |↓〉) or 1√
2
(|↑〉 − i |↓〉) is a piece of another type of standing Kelvin
waves. An important property of spin degrees of freedom is time-reversal symmetry. In physics, under time-reversal
operation, a clockwise winding knot (spin-↑ particle) turns into a counterclockwise winding knot (spin-↓ particle). An
important property of spin degrees of freedom is time-reversal symmetry. In physics, under time-reversal operation, a
clockwise winding knot (spin-↑ particle) turns into a counterclockwise winding knot (spin-↓ particle). In addition, in
next sections we will show that owing to the existence of spin-orbital coupling (SOC) in the Dirac model, the degrees
of freedom ↑/↓ indeed play the role of spin degrees of freedom as those in quantum mechanics.
Next, we discuss the vortex degrees of freedom of knots. The vortex-degrees of freedom of knots is denoted by
Zknot(x, t) = (
zknot,A(x, t)
zknot,B(x, t)
)→ ( |A〉|B〉 ). (200)
For knots, we identify zknot,A(x, t) the function of A-vortex-membrane to be the wave-function of |A〉, zknot,B(x, t) the
function of an B-vortex-membrane to be the wave-function of |B〉.
Let us give the functions of four 1D knot states:
1) The up-spin knot on vortex-membrane-A, |↑,A〉 is defined by
zknot,↑,A(x, t) = r↑,A(x) exp[iφknot,↑,A(x, t)] (201)
where φknot,↑,A(x) is a monotonic function changing π-phase. For unified knot, we have
r↑,A(x)→


0, x ∈ (−∞, x0]
r0, x ∈ (x0, x0 + a]
0, x ∈ (x0 + a,∞)

 (202)
and
φknot,↑,A(x)→ φunified−knot,↑,A(x) =


φ0 − π2 , x ∈ (−∞, x0]
φ0 − π2 + k0(x− x0), x ∈ (x0, x0 + a]
φ0 +
π
2 , x ∈ (x0 + a,∞)

 (203)
where x is the coordination on the axis and φ0 is an arbitrary constant angle, k0 =
π
a . The center of the unified knot
is at x = x0 +
a
2 . For fragmentized knot, we have
φknot,↑,A(x)→ φfragmentized,↑,A(x). (204)
We will give the definition of φfragmentized,↑,A(x) in the following section. For different types of knots, there exists a
linear relationship between φ(x) and x, i.e., dφ(x)dx ∝ k0 in the phase-changing region of x0 < x ≤ x0 + a. The linear
character comes from the minimization of the volume volume(P ) of vortex-membrane. See the illustration of unified
knots in Fig.9. In the limit of x→ −∞, we have φ(x) = φ0 − π2 ; in the limit of x → ∞, we have φ(x) = φ0 + π2 . So
we obtain
φknot,↑,A(x→∞)− φknot,↑,A(x→ −∞) = π (205)
and
zknot,↑,A(x→ −∞, t)
zknot,↑,A(x→∞, t) = −1; (206)
2) The up-spin knot on vortex-membrane-B, |↑,B〉 is defined by
zknot,↑,B(x, t) = r↑,B exp[iφknot,↑,B(x, t)] (207)
where
r↑,B(x)→


0, x ∈ (−∞, x0]
r0, x ∈ (x0, x0 + a]
0, x ∈ (x0 + a,∞)

 (208)
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FIG. 9: (a)The relation between phase and coordination of a unified knot; (b)The relation between radius and coordination of
a unified knot; (c) The illustration of a unified knot; (d) In complex field representation, a unified knot is an anti-phase domain
wall (the red arrows denote the directions of phase angles).
and
φknot,↑,B(x)→ φunified−knot,↑,B(x) =


φ0 − π2 , x ∈ (−∞, x0]
φ0 − π2 + k0(x− x0), x ∈ (x0, x0 + a]
φ0 +
π
2 , x ∈ (x0 + a,∞)

 . (209)
Thus, we have
φknot,↑,B(x→∞)− φknot,↑,B(x→ −∞) = π (210)
and
zknot,↑,B(x→ −∞, t)
zknot,↑,B(x→∞, t) = −1; (211)
3) The down-spin knot on vortex-membrane-A, |↓,A〉 is defined by
zknot,↓,A(x, t) = r↓,A exp[iφknot,↓,A(x, t)] (212)
where
r↓,A(x)→


0, x ∈ (−∞, x0]
r0, x ∈ (x0, x0 + a]
0, x ∈ (x0 + a,∞)

 (213)
and
φknot,↓,A(x)→ φunified−knot,↓,A(x) =


φ0 +
π
2 , x ∈ (−∞, x0]
φ0 +
π
2 − k0(x− x0), x ∈ (x0, x0 + a]
φ0 − π2 , x ∈ (x0 + a,∞)

 . (214)
Thus, we have
φknot,↓,A(x→∞)− φknot,↓,A(x→ −∞) = −π (215)
and
zknot,↓,A(x→ −∞, t)
zknot,↓,A(x→∞, t) = −1; (216)
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4) The down-spin knot on vortex-membrane-B, |↓,B〉 is defined by
zknot,↓,B(x, t) = r↓,B exp[iφknot,↓,B(x, t)] (217)
where
r↓,B(x)→


0, x ∈ (−∞, x0]
r0, x ∈ (x0, x0 + a]
0, x ∈ (x0 + a,∞)

 (218)
and
φknot,↓,B(x)→ φunified−knot,↓,B(x) =


φ0 +
π
2 , x ∈ (−∞, x0]
φ0 +
π
2 − k0(x− x0), x ∈ (x0, x0 + a]
φ0 − π2 , x ∈ (x0 + a,∞)

 . (219)
Thus, we have
φknot,↓,B(x→∞)− φknot,↓,B(x→ −∞) = −π (220)
and
zknot,↓,B(x→ −∞, t)
zknot,↓,B(x→∞, t) = −1. (221)
The knots with different internal degrees of freedom are described by different superposed states of the basis

|↑,A〉
|↑,B〉
|↓,A〉
|↓,B〉

 =
( |↑〉
|↓〉
)
⊗
( |A〉
|B〉
)
. (222)
Along arbitrary direction ~e, due to sign-switching character for each of element states |↑,A〉 , |↑,B〉 , |↓,A〉 , |↓,B〉 , all
superposed states |ψ〉 = α |↑,A〉+ β |↑,B〉+ γ |↓,A〉+ κ |↓,B〉 change sign as
ψ(~x→ −∞, t)
ψ(~x→∞, t) = −1.
On the other hand, for each of element states |↑,A〉 , |↑,B〉 , |↓,A〉 , |↓,B〉 along a given projection direction ~e and
a fixed θ, we get a zero-equation
φ(x) = φ0 ∓ π
2
± k0(x− x0) (223)
= ±π
2
+ θ.
Due to the existence of single zero between two projected vortex-membranes for each state |↑,A〉 , |↑,B〉 , |↓,A〉 , |↓,B〉 ,
all superposed states |ψ〉 = α |↑,A〉+ β |↑,B〉+ γ |↓,A〉+ κ |↓,B〉 have a single zero. According to the conservation of
the information unit, there exists a constraint,∫
ψ†(x, t) · ψ(x, t)dx ≡ 1 (224)
that gives a normalization condition as
|α|2 + |β|2 + |γ|2 + |κ|2 = 1. (225)
The normalization implies a normalized volume condition,∫
z∗(x, t)z(x, t)dx
= l · [|r↑,A|2 + |r↓,A|2 + |r↑,B|2 + |r↓,B|2]
= Vknot (226)
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or
|r↑,A|2 + |r↑,B|2 + |r↓,A|2 + |r↓,B|2 = r20 . (227)
The total volume of the knot (volume-changing of two entangled vortex-membranes) Vknot = l · r20 is always fixed.
In addition to the four degrees of freedom, we have another degrees of freedom – chiral degrees of freedom by
projecting a knot. Under projection with given projected angle θ, each projected knot state corresponds to two
possible zeros – one zero with sgn[Υ] = 1 is denoted by |L〉; the other with sgn[Υ] = −1 is denoted by |R〉 (Υ =
ηA,θ(x, t)− ηB,θ(x, t)).
3. Tensor states for a knot
For a 3D knot with four internal degrees of freedom


|↑,A, x0〉
|↑,B, x0〉
|↓,A, x0〉
|↓,B, x0〉

 , we introduce a tensor representation to define
a knot,
|Zknot〉 =
∏
I
∣∣ZIknot〉 (228)
with
∣∣ZIknot〉 =


βI1,1
βI1,−1
βI−1,1
βI−1,−1

 . (229)
For βIi,j , I denotes the spatial indices X, Y , Z; i = 1, −1 denotes helical degrees of freedom; j = 1, −1 denotes the
vortex-degrees of freedom. According to the constraint condition, we have〈
Z
I
knot
∣∣ ∣∣ZIknot〉 = 1, (230)
So the function for a 3D knot is given by
Zknot(~x− ~x0, t) =
∏
I,~x0
Z
I
knot(~x− ~x0, t).
The tensor states for a knot can also be classified by operator representation. We define the 3 × 3 × 3 tensor
operators ΓˆIknot,i,j = σ
I
knot,i ⊗ (τIknot,j ,~1) (I = X,Y, Z for different spatial directions; i = x, y, z for spin degrees of
freedom; j = x, y, z, 0 for the vortex-degrees of freedom). Different tensor states are described by〈
Γˆ
I
knot
〉
= 〈Zknot| ΓˆI |Zknot〉 (231)
= ~ΓIknot = ~n
I
knot,σ ⊗ (~nτ τ + ~1τ0).
One type of 3D knot is a σz-type knot that is characterized by〈
σXknot ⊗ ~1
〉
=
〈
σYknot ⊗ ~1
〉
=
〈
σZknot ⊗ ~1
〉
= (0, 0,±1). (232)
Another 3D knot is called SOC knot that is described〈
σXknot ⊗ ~1
〉
= (1, 0, 0), (233)〈
σYknot ⊗ ~1
〉
= (0, 1, 0),〈
σZknot ⊗ ~1
〉
= (0, 0, 1).
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4. Tensor-network state for a knot-crystal
Periodic entangled vortex-membranes form knot-crystal. In pseudo-quantum mechanics, a knot-crystal corresponds
to two entangled vortex-membranes described by a special pure state of Kelvin waves with fixed wave length. In
pseudo-quantum mechanics, we consider flat vortex-membrane as the ground state, i.e.,
Z(~x, t) =
(
zA(~x, t)
zB(~x, t)
)
≡
(
0
0
)
→ [vacuum〉 . (234)
A Kelvin wave becomes excited state around [vacuum〉; in emergent quantum mechanics, we consider knot-crystal as
a ground state,
Zknot−crystal(~x, t) =
(
zA(~x, t)
zB(~x, t)
)
(235)
=
(
rA
rB
)
ei
~k0·~x−iω0t+iω∗t/2
→ |vacuum〉 ,
the knots become topological excitations on it.
Because a knot-crystal is a plane Kelvin wave with fixed wave vector k0, we can use the tensor representation
to characterize knot-crystals, Γ˜Iknot−crystal = (~n
I
σσ
I) ⊗ (~nττ + ~1τ0) and define corresponding generation operator
Uˆknot−crystal(~k0,Γ˜Iknot−crystal) for it.
Firstly, we define generate operator by knot-crystal
Uˆknot−crystal(~k,Γ˜Iknot−crystal) = e
i
∫
Γ˜
I [φ~k0
(x)·Kˆ]dx · ˆ̥ (r0), (236)
where ˆ̥ (r0) is an expanding operator by shifting radius from 0 to r0 on the membrane, Kˆ = −i ddφ , φ(x) = ±kx,
and x is coordinate along ~x direction. Here [0〉 denotes a vortex-membrane with r0 = 0. The tensor state of the
knot-crystal is determined by Γ˜Iknot−crystal = (~n
I
σσ
I)⊗ ~1.
For example, a particular knot-crystal is called SOC knot-crystal that is described by a 3D plane Kelvin waves with
fixed wave-length Zknot−crystal(~x). The tensor state of it is〈
σX ⊗ ~1
〉
= ~nXσ = (1, 0, 0), (237)〈
σY ⊗ ~1
〉
= ~nYσ = (0, 1, 0),〈
σZ ⊗ ~1
〉
= ~nZσ = (0, 0, 1).
On the one hand, a knot is a piece of knot-crystal; On the other hand, a knot-crystal can be regarded as a
composite system with multi-knot, each of which is described by same tensor state. After projection, the knot-crystal
becomes a zero lattice, of which there are two sublattices R/L and a tensor-network state ~ΓTensor−networkknot−crystal describes
the entanglement relationship between two nearest-neighbor zeros. The tensor-network state comes from the product
of the basis of all knots ∏
~x0
( |L, ~x0〉 )⊗ ( |R, ~x0 − a · ~ex〉 ) (238)
⊗ ( |R, ~x0 − a · ~ey〉 )⊗ ( |R, ~x0 − a · ~ez〉 )
...
The summation of ~x0 is obtained by summing the zeros between projected vortex-membranes. The generalized
translation symmetry for a knot-crystal becomes( |R, ~x0 − a · ~e〉 ) = T (∆~x = −a · ~e)ι− · ( |L, ~x0〉 ) (239)
where ι± is an operator denoting switching of the chiral (sub-lattice) degrees of freedom as
ι+ = (R→ L), ι− = (L→ R). (240)
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There exist topological defects of the tensor-network states that are just extra zeros (the knots). The chiral degrees
of freedom become the sublattice degrees of freedom for knots on knot-crystal! In particular, the emergent Lorentz
invariance for knots comes from the two-sublattice structure.
By considering the local degrees of freedom, the state space (the Hilbert space) becomes suddenly enlarged from 2
in pseudo-quantum mechanics to 4Nknot in emergent quantum mechanics. The chiral degrees of freedom become the
freedom of ”lattice” and label the position of the sublattices.
5. Knot-operation and knot-number operator
To characterize knots (the elementary volume-changing of two entangled vortex-membranes), we introduce its
operator-representation.
For 1D unified knot in Dirac representation, we define it by
Zknot(x, t) = UˆknotZknot−crystal(x, t) (241)
= UˆknotUˆknot−crystal


[0〉
[0〉
[0〉
[0〉


where Uˆknot is a generation operator for a knot that is an eigenstate of spin operator σz,
Uˆknot = e
i
∫
(σz⊗~1)[φknot(x)·Kˆ]dx
· ˆ̥ knot(r0) (242)
where ˆ̥ knot(r0) is an expanding operator by shifting 0 to r0 in the winding region of a knot (for example, x ∈
(x0, x0 + a]). Uˆknot−crystal denotes the generation operator for a 1D knot-crystal that is the plane Kelvin wave with
fixed wave-length and becomes the same tensor state for a knot.
We define the generation operator for a 3D knot by doing a knot-operation
Uˆknot = Uˆ
X
knotUˆ
Y
knotUˆ
Z
knot (243)
where
UˆXknot = e
i
∫
(σX⊗~1)[φknot(x)·Kˆ]dx · ˆ̥ knot(r0), (244)
UˆYknot = e
i
∫
(σY ⊗~1)[φknot(y)·Kˆ]dy · ˆ̥ knot(r0),
UˆZknot = e
i
∫
(σZ⊗~1)[φknot(z)·Kˆ]dz · ˆ̥ knot(r0).
For example, 3D SOC knot is defined by
UˆXknot = e
∫
i(σx⊗~1)[φknot(x)·Kˆ]dx · ˆ̥ knot(r0), (245)
UˆYknot = e
∫
i(σy⊗~1)[φknot(y)·Kˆ]dy · ˆ̥ knot(r0),
UˆZknot = e
∫
i(σz⊗~1)[φknot(z)·Kˆ]dz · ˆ̥ knot(r0);
3D σz-knot is defined by
UˆXknot = e
∫
i(σz⊗~1)[φknot(x)·Kˆ]dx · ˆ̥ knot(r0), (246)
UˆYknot = e
∫
i(σz⊗~1)[φknot(y)·Kˆ]dy · ˆ̥ knot(r0),
UˆZknot = e
∫
i(σz⊗~1)[φknot(z)·Kˆ]dz · ˆ̥ knot(r0).
In addition, the knot-number of a 3D knot is defined by〈
Kˆ
〉
=
〈
KˆxKˆyKˆz
〉
=
1
π3r20
[
∫
Z
∗
knot(~x, t) · KˆxKˆyKˆz
· Zknot(~x, t)]dφ(x)dφ(y)dφ(z). (247)
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B. Emergent quantum mechanics
In above section, we show that a knot (the elementary volume-changing of two entangled vortex-membranes) is an
elementary topological defect of knot-crystal and also fundamental information carrier. In this section, we will show
that knots obey the emergent quantum mechanics.
1. Information scaling between knot and knot-crystal
From the point view of pseudo-quantum mechanics, knot-crystal is a special entangled vortex-membranes that is
described by a tensor state. The total degrees of freedom for a knot-crystal is 2. From the point view of emergent
quantum mechanics, a knot-crystal is periodic zeros between projected vortex-membranes that is described by tensor-
network state for knots. The total degrees of freedom of a knot-crystal becomes 4Nknot . In particular, there exists a
holographic principle: the pseudo-spin-tensor state for a knot on a knot-crystal is same to the tensor state for the
knot-crystal in emergent quantum mechanics.
On the other hand, a knot corresponds to the changing of one zero on a knot-crystal. When a knot is generated
on a knot-crystal, the boundary of all Kelvin waves changes – periodic boundary condition changes into anti-periodic
boundary condition, vice versa. Because the Hilbert space is never changed during the changing the boundary
condition, the Hilbert space of knots


|ψ↑,A〉
|ψ↑,B〉
|ψ↓,A〉
|ψ↓,B〉

 corresponds to the Hilbert space of Kelvin waves


|ψ↑,A〉
|ψ↑,B〉
|ψ↓,A〉
|ψ↓,B〉

 by
perturbating the knot-crystal, i.e.,


|ψ↑,A〉
|ψ↑,B〉
|ψ↓,A〉
|ψ↓,B〉

⇐⇒


[ψ↑,A〉
[ψ↑,B〉
[ψ↓,A〉
[ψ↓,B〉

 . (248)
According to the correspondence, several quantum quantities of knots (momentum and angular momentum) can be
easily obtained by using the information scaling,
~eff −→ ~knot = ~eff
Nknot
(249)
where ~knot is the Planck constant for knots in emergent quantum mechanics and ~eff is the Planck constant for plane
Kelvin wave with fixed wave-length in pseudo-quantum mechanics. Nknot is the total knot number in the knot-crystal.
2. Fragmentized knot
According to the geometric character of the three conserved physical quantities, the shape of knot will never
be changed. However, the knot can split and the three physical quantities are conserved for all knot-pieces. To
characterize this property, we introduce the concept of ”fragmentized knot”. Quantum mechanics is a mechanics to
determine the distribution of knot-pieces.
We take 1D knot with fixed spin and vortex degrees of freedom as an example to show the concept of ”fragmentized
knot” (σ →↑, τ → B). Before introducing fragmentized knot, we give the definition of unified knot that is described
by
zknot(φ(x)) = rknot exp[iφknot(x)] (250)
where
rknot(x)→

 0, x ∈ (−∞, x0]r0, x ∈ (x0, x0 + a]
0, x ∈ (x0 + a,∞]

 . (251)
x is coordinate along an arbitrary direction ~e and φknot(x) is the corresponding phase angle.
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FIG. 10: (a) A knot. The inset illustrates the unified knot; (b) A fragmentized knot that is split into two pieces; (c) A
fragmentized knot that is split three pieces; (d) A fragmentized knot that is split into infinite pieces. The blue spots denote
the fragmentized knot with N → ∞. For fragmentized knots with N = 1, 2, 3, ∞, there always exists a single knot solution
and the knot number is 1.
We split a unified knot into two pieces, each of them is a half-knot with π2 phase-changing. As shown in Fig.10, we
split the knot into two pieces. The knot-function of two-piece fragmentized knot is z(φknot(x)) where
rknot(x)→


0, x ∈ (−∞, x0]
r0, x ∈ (x0, x0 + a2 ]
0, x ∈ (x0 + a2 , x0 + x′0]
r0, x ∈ (x0 + x′0, x0 + x′0 + a2 ]
0, x ∈ (x0 + x′0 + a2 ,∞]

 (252)
and
φknot(x) =


−π2 , x ∈ (−∞, x0]−π2 + πa (x− x0), x ∈ (x0, x0 + a2 ]
0, x ∈ (x0 + a2 , x0 + x′0]
π
a (x − x0 − x′0), x ∈ (x0 + x′0, x0 + x′0 + a2 ]
π
2 , x ∈ (x0 + x′0 + a2 ,∞]

 (253)
with a condition of x′0 >
a
2 . It is obvious that for the fragmentized knot, there exists only single zero-solution due to
topological condition. And we have 50% probability to find a zero-solution in the region of x0 < x ≤ x0 + a2 and 50%
probability to find a zero-solution in the region of x0+x
′
0 < x ≤ x0+x′0+ a2 . We had defined a knot with half-winding
to be
zN=1(φ(x), x0) = Uˆ(φknot, x0)z, (254)
of which the knot is at x0. As a result, The knot-function of two-piece fragmentized knot is defined by
[z(φ)]fragment,N=2 = Uˆ(∆φ 12 -knot, x0) (255)
· Uˆ(∆φ 1
2 -knot
, x0 + x
′
0)z0,
of which the two half-knots are at x0 and x0 + x
′
0, respectively.
Similarly, we may split a knot into N pieces, each of which is an identical knot-piece with πN phase-changing. The
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knot-function of N knot-pieces is
[z(φ)]fragment,N = Uˆ(∆φ 1N -knot, (x
′
0)1) (256)
· Uˆ(∆φ 1
N -knot
, (x′0)2)...
· Uˆ(∆φ 1
N -knot
, (x′0)N )z0
=
N∏
i=1
Uˆ(∆φ 1
N -knot
, (x′0)i)z0
where N identical knot-pieces are at (x′0)1 , (x
′
0)2 ,..., (x
′
0)N , respectively. For N knot-pieces, there also exists a zero
and the knot-number is conserved. We have 1N probability to find a zero in a knot-piece. By using similar argument,
an arbitrary superposed states of knots can be fragmentized. Fig.10.(d) is an illustration of a fragmentized knot.
The generation operator for a fragmentized knot with uniform distribution of knot-pieces is defined as
Z˜fragment = Uˆfragment |0〉 (257)
where Uˆfragment = Uˆ
X
fragmentUˆ
Y
fragmentUˆ
Z
fragment denotes a unform distributed knot-pieces as
UˆXfragment =
N→∞∏
i=1
UˆXfragment(∆φ 1N -knot (x0)i), (258)
UˆYfragment =
N→∞∏
i=1
UˆYfragment(∆φ 1N -knot (y0)i),
UˆZfragment =
N→∞∏
i=1
UˆZfragment(∆φ 1N -knot (z0)i).
with
UˆXfragment(∆φ 1N -knot (x0)i) = e
∫
i(σX⊗~1)[∆φ 1
N
-knot
((x0)i)·Kˆ]dx · ˆ̥ 1
N -knot
(r0, (x0)i), (259)
UˆYfragment(∆φ 1N -knot (y0)i) = e
∫
i(σY ⊗~1)[∆φ 1
N
-knot
((y0)i)·Kˆ]dy · ˆ̥ 1
N -knot
(r0, (y0)i),
UˆZfragment(∆φ 1N -knot (z0)i) = e
∫
i(σZ⊗~1)[∆φ 1
N
-knot
((z0)i)·Kˆ]dz · ˆ̥ 1
N -knot
(r0, (z0)i),
where ˆ̥ 1
N -knot
(r0, (x0)i) is an operator by shifting 0 to r0 in the winding region of x ∈ ((x0)i , (x0)i + aN ],
ˆ̥ 1
N -knot
(r0, (y0)i) is an operator by shifting 0 to r0 in the winding region of y ∈ ((y0)i , (y0)i + aN ], ˆ̥ 1N -knot(r0, (z0)i)
is an operator by shifting 0 to r0 in the winding region of z ∈ ((z0)i , (z0)i + aN ], and
∆φ 1
N -knot
((x0)i) =


−φ0 − π2N , x ∈ (−∞, x0]−φ0 − π2N + k0(x − (x0)i), x ∈ ((x0)i , (x0)i + aN ]−φ0 + π2N , x ∈ ((x0)i + aN ,∞)

 , (260)
∆φ 1
N -knot
((y0)i) =


−φ0 − π2N , y ∈ (−∞, y0]−φ0 − π2N + k0(y − (y0)i), y ∈ ((y0)i , (y0)i + aN ]−φ0 + π2N , y ∈ ((y0)i + aN ,∞)

 ,
∆φ 1
N -knot
((z0)i) =


−φ0 − π2N , z ∈ (−∞, x0]−φ0 − π2N + k0(z − (z0)i), z ∈ ((z0)i , (z0)i + aN ]−φ0 + π2N , z ∈ ((z0)i + aN ,∞)

 , (261)
where k0 =
π
a . The center of the knot-piece with
π
N phase-changing is at (x0, y0, z0)i. For this case, we assume the
distribution of the knot-pieces is same as the zeros of the knot-crystal,
(x0)i = a · i, i = 0, 1, 2, ...Nx =
Lx
a
(262)
(y0)i = a · i, i = 0, 1, 2, ...Ny =
Ly
a
(z0)i = a · i, i = 0, 1, 2, ...Nz =
Lz
a
.
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An important issue is to obtain the spatial and temporal distribution of the knot-pieces that has the information
of a knot. In next part, we will show that the quantum states of a knot – the wave-functions describe the spatial and
temporal distribution of the knot-pieces determined by the perturbative Kelvin waves on a knot-crystal.
3. Quantum states of fragmentized knots
Firstly, we consider a knot with uniform knot-pieces, of which the state is denoted by
Uˆfragment |0〉 → |ψ〉 = c†~k=0 |vacuum〉 (263)
where c†~k=0 means that the knot has the same wave vectors to those of its background. The density of knot-pieces is
given by
ρknot =
1
VP
(264)
where VP is volume of the system,
VP =

 Lx, d = 1LxLy, d = 2
LxLyLz, d = 3

 . (265)
Lx/Ly/Lz denotes the size of vortex-membrane along X/Y/X direction. It is obvious that the function for a knot
with ~k = 0 is same as that of a knot-crystal by scaling the linking number along given direction.
We take 1D knot with fixed spin and vortex degrees of freedom (for example, σ =↑, τ = B) as an example to prove
the knot density ρknot =
1
Lx
for a uniform distribution of knot-pieces. For 1D knot, the knot-number is defined as
Nknot =
〈
Kˆ
〉
=
1
πr20
∫
z∗fragment Kˆ zfragment dφ(x) (266)
where Kˆ = −i ddφ . To calculate the knot-number, we introduce two types of integrals: one is on-vortex-membrane
integral with a sorting of knot-positions in on vortex-membrane, the other is out-vortex-membrane integral with a
sorting of knot-phases in extra space (ξ, η).
We can label a knot-piece by its position (x0)ix on vortex-membrane space or label a knot-piece by its position
(x0)iφ in (ξ, η) space. Here iφ denotes a sorting of ordering of phase φ from small to bigger and ix denotes a sorting of
coordination x with a given order. Each iφ corresponds to an ix. As a result, there exists an integral-transformation
by reorganizing all knot-pieces with different rules as
Nknot =
1
r20π
∫
z∗ Kˆ zfragmentdφ(x) (267)
=
1
r20
∑iφ=N
iφ=1
z∗fragment,N Kˆ zfragment,N
=
1
r20
∑ix=N
ix=1
z∗fragment,N Kˆ zfragment,N
·
∑iy=N
iy=1
z∗fragment,N Kˆ zfragment,N
·
∑iz=N
iz=1
z∗fragment,N Kˆ zfragment,N
=
1
r20
1
Lx
∫
z∗fragment Kˆ zfragment dx
By transforming an out-vortex-membrane integral to on-vortex-membrane integral, the knot-number is obtained as
Nknot =
〈
Kˆ
〉
=
1
πr20
∫
z∗fragment Kˆ zfragment dx
where
zfragment = Uˆfragmentzknot−crystal. (268)
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As a result, we get
Nknot =
〈
Kˆ
〉
=
1
πr20
∫
z∗knot−crystal{Uˆ−1fragmentKˆUˆfragment)}zknot−crystaldx (269)
=
1
Lx
∫
dx = 1.
In the limit of N →∞, we indeed have a uniform distribution of the N identical knot-pieces on vortex-membrane,
ρknot =
1
VP
. (270)
Next, we consider a plane Kelvin wave with an extra fragmentized knot. Now, the system is described by
Zknot−crystal(~x, t) −→ Z′knot−crystal(~x, t)
= ei·1·(~k·~x)−iω·tZknot−crystal(~x, t). (271)
Here, for simplify, we take a fragmentized knot with fixed spin (for example, ↑) and vortex degrees of freedom (for
example, B) as an example. Then we consider the effect of an extra knot,
zfragment =
1√
VP
exp[i∆φ(~x, t)] (272)
where ∆φ(~x, t) = ~k · ~x− ω · t. We may also denote the state by∣∣ψ~k(~x, t)〉 = Uˆfragment [0〉 = c†~k |0〉 . (273)
The wave-function
∣∣ψ~k(~x, t)〉 and the function [ψ~k(~x, t)〉 correspond to anti-periodic boundary condition and periodic
boundary condition for the plane Kelvin waves. Uˆ~k is the operator changing the boundary condition. So the number
of zeros is changed by ±1. We say that ∣∣ψ~k(~x, t)〉 becomes plane waves for knots.
From the superposition principle of Kelvin waves, an arbitrary quantum state for a knot is given by
|Zknot(~x, t)〉 =


z↑,A(~x, t)
z↑,B(~x, t)
z↓,A(~x, t)
z↓,B(~x, t)

 (274)
where
zσ,τ (~x, t) = rσ,τ (~x, t) · eiφσ,τ (~x,t) (275)
=
∑
~k
(rσ,τ,~k) · e±i(
~k·~x)±i(ω·t)
where rσ,τ,~k is the amplitude of given plane wave
~k and σ =↑/↓ denotes spin degrees of freedom, τ = A/B denotes
vortex degrees of freedom. The results illustrate superposition principle for fragmentized knot. We may denote the
equation by
|ψ(~x, t)〉 = c†(~x, t) |vacuum〉 .
For simplify, in this part we discuss the properties of quantum states for knots by fixing the spin and vortex degrees
of freedom, (for example, σ →↑, τ → B).
We point out that the function of a Kelvin wave with an extra fragmentized knot describes the distribution of the
N identical knot-pieces and plays the role of the wave-function in quantum mechanics as
1√
VP
z(~x, t)
r0
=
√
ρknot(x, t)e
i∆φ(~x,t) ⇐⇒ ψ(~x, t), (276)
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and
ρknot(~x, t)⇐⇒ nknot(~x, t) (277)
where the function of Kelvin wave with a fragmentized knot z(~x,t)√
VP r0
becomes the wave-function ψ(~x, t) in emergent
quantum mechanics, the angle ∆φ(~x, t) becomes the quantum phase angle of wave-function, the knot density ρknot =〈
∆Kˆ
∆VP
〉
becomes the density of knot-pieces nknot(~x). Thus, the density of knot-pieces in a given region is obtained as
ψ∗(~x, t)ψ(~x, t).
We then prove that the wave-function ψ(~x, t) =
√
ρknot(x, t)e
iφ(~x,t) is the function of Kelvin wave of knots (elemen-
tary particles). The knot density ρknot =
〈
∆Kˆ
∆VP
〉
is equal to
ρknot =
1
r20π
3
z∗fragment,N Kˆ zfragment,N · dφ(x)dφ(y)dφ(z)
=
1
r20
∑
iφ(x),iφ(y),iφ(z)
z∗fragment,N(t, (x0)iφ) Kˆ zfragment,N(t, (x0)iφ)
=
1
r20
∑
ix
z∗fragment,N(t, (x0)ix)Kˆ zfragment,N(t, (x0)ix)
·
∑
iy
z∗fragment,N(t, (x0)iy )Kˆ zfragment,N(t, (x0)iy )
·
∗∑
iz
z∗fragment,N(t, (x0)iz )Kˆ zfragment,N(t, (x0)iz ) (278)
=
1
∆VP · r20
z∗fragment,N(~x, t) Kˆ zfragment,N(~x, t)dVP
=
1
∆VP
ψ∗(~x, t)(−i d
dφ
)ψ(~x, t)dVP
= ψ∗(~x, t)ψ(~x, t).
For this case, we have set the bare density of finding a knot to be zero ρknot(~x, t) ≡ 0. As a result, ψ(~x, t) indeed plays
the role of wave-function in quantum mechanics, ρknot(x, t) is the knot density and φ(~x, t) is the phase (the angle in
extra space). For a single knot, we have (volume) normalization condition
∫
ρknot(~x, t)dVP = 1. In the following part,
we will show the probability interpretation for wave-functions according to the dynamic projection with fast-clock
effect.
Thus, the quantum state is invariant under a global gauge transformation, i.e.,
ψ(~x, t)→ ψ′(~x, t) = ψ(~x, t)eiφ0 (279)
=
√
ρknot(~x, t)e
iφ(~x,t)eiφ0
where φ0 is constant. Such invariant comes from a global rotation symmetry in (ξ, η) space.
4. Momentum operator and energy operator for knots
For a plane wave, ψ(~x, t) = 1√
VP
e−iω·t+i~k·~x (for simplify, we have fixed the spin and vortex degrees of freedom,
σ →↑, τ → B), the projected (Lamb impulse) energy of a knot is
Eknot = ~knotω (280)
and the projected (Lamb impulse) momentum of a knot is
~pknot = ~knot~k (281)
where the effective Planck constant ~knot is obtained as projected (Lamb impulse) angular momentum of a knot (the
elementary volume-changing of two entangled vortex-membranes)
~knot = Jknot =
1
2
ρ0κVknot.
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As a result, we have
ψ(~x, t) =
1√
VP
exp(
−iEknott+ i~pknot · ~x
~knot
). (282)
From the fact of superposition principle of Kelvin waves, a generalized wave-function can be
ψ(~x, t) =
√
ρknot(x, t)e
iφ(~x,t) (283)
=
∑
~p
c~p exp(
−iEknott+ i~pknot · ~x
~knot
).
Next, we calculate the expect values of the projected (Lamb impulse) energy 〈Eknot〉 and the projected (Lamb
impulse) momentum 〈~pknot〉 , respectively.
From the wave-function ψ(~x, t) =
∑
p
cp exp(
−i(Eknott−~pknot·~x)
~knot
), we have
〈E〉 =
∫
Eknotρknot(x)dVP =
∫
ψ∗(x, t)Eknotψ(x, t)dVP (284)
=
∫
[
∑
p
c∗p exp(
i(Eknott− ~pknot · ~x)
~knot
)]
(i~knot
d
dt
)[
∑
p′
cp′ exp(
−i(Eknott− ~p′knot · ~x)
~knot
)]dVP
=
∫
ψ∗(~x, t)(i~knot
d
dt
)ψ(~x, t)dVP .
This result indicates that the projected (Lamb impulse) energy becomes operator
Eknot → Eˆknot = i~knot d
dt
. (285)
Using the similar approach, we derive
〈~pknot〉 =
∫
~pknotρknot(~x, t)dVP =
∫
ψ∗(x, t)~pknotψ(~x, t)dVP (286)
=
∫
ψ∗(~x, t)(−i~knot d
d~x
)ψ(~x, t)dVP .
As a result, the projected (Lamb impulse) momentum also becomes operators
~pknot → pˆknot = −i~knot d
d~x
. (287)
5. The Schro¨dinger equation
For deriving the Hamiltonian of knots, we treat the Hamiltonian of perturbative Kelvin waves around the knot-
crystal. For knot-crystal of two entangled vortex-membranes, the Biot-Savart equation i
dzA/B
dt =
δHˆ(zA/B)
δz∗
A/B
turns into
the Schro¨dinger equation for constraint Kelvin waves
i~eff
dZknot−crystal(~x, t)
dt
= Hˆ · Zknot−crystal(~x, t) (288)
where Zknot−crystal(~x, t) denote perturbative Kelvin waves around the knot-crystal (a special plane Kelvin wave) and
the Hamiltonian density is given by
Hˆknot−crystal =
∑
I
[
(pˆILamb)
2
2mpseudo
] +
~effω
∗
2
(~1⊗ (τx − ~1)) (289)
where mpseudo =
~eff
ακ ln ǫ and pˆ
I
lamb = −i~eff ddxI .
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For a knot, by scaling the Planck constant, we derive the Schro¨dinger equation for knots as
i~knot
dψ(~x, t)
dt
= Hˆknotψ(~x, t) (290)
where ψ(~x, t) =


ψ↑,A(~x, t)
ψ↑,B(~x, t)
ψ↓,A(~x, t)
ψ↓,B(~x, t)

 denotes quantum states of a knot with four degrees of freedom and Hˆknot is the
Hamiltonian of knots. On flat vortex-membranes, the Hamiltonian of SOC knots is obtained by scaling that of plane
Kelvin wave with same tensor state as
Hˆknot =
∑
I
[
(pˆIknot)
2
2mpseudo
] +
~knotω
∗
2
(~1⊗ (τx − ~1)) (291)
where mpseudo =
~knot
ακ ln ǫ and pˆ
I
knot = −i~knot ddxI . In next section, we will derive the knot Hamiltonian Hˆknot on the
SOC knot-crystal that is different from above Hamiltonian.
For the eigenstate with eigenvalue Eknot,
Hˆknotψ(~x, t) = Eknotψ(~x, t) (292)
the wave-function becomes
ψ(~x, t) = f(~x) exp(
iEknott
~
) (293)
where f(~x) is spatial function. This state corresponds to a vortex-membrane with fixed angular velocity, ω = Eknot
~knot
.
As a result, the quantized condition for knot is due to the conservation of angular momentum in extra space (the
volume of the knot in 5D space) for information-unit, ~knot.
In particular, we have the topological representation on action S for knots, i.e.,
S =
∫
pknot · dx = ~knot
∫
k · dx (294)
= ~knot
∫
2πρwind · dx = 2π~knot · w1D
= hknot · w1D.
From the point view of topology, we explain the Sommerfeld quantization condition for knot-pieces∮
pknot · dx = nhknot (295)
where hknot = 2π~knot and n is an integer number. The Sommerfeld quantization condition is just the topological
condition of the winding number for a process of ”static” knot-pieces, i.e.,∮
pknot · dx = hknot · w1D
where w1D is the winding number of the process that can be regarded as the winding number for corresponding Kelvin
waves.
C. Emergent quantum field theory
In this part, we regard knot-crystal as a multi-knot system that is described by quantum field theory and a knot
(the elementary volume-changing of two entangled vortex-membranes) becomes elementary fermionic particle.
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1. Fermionic statistics
To derive the formulation of quantum field theory for knot-crystal, we consider the knot-crystal as a many-knot
system. We may introduce N -wave-function to describe the motions ofN -knots, Ψ(~x1, ~x2, ..., ~xN ). For this many-body
system, an important feature is the statistics. In quantum mechanics, an assumption is spin-statistics of fermions.
An electron is a fermion with half spin. The wave-function of a system of identical spin-1/2 particles changes sign
when two particles exchange. Particles with wave-functions antisymmetric under exchange are called fermions.
To distinguish the statistics for the knots, we consider two knots. We show that the wave-functions antisymmetric
by exchanging knots is due to π-phase changing nature. When we exchange two 1D knots, the angle in extra space
(that is just the phase of wave-function) is π. According to the definition of knots, we have two static unified knots
and get knot-functions
Ψ(~x, ~x′) = Uˆknot(~x′) · Uˆknot(~x)Zknot−crystal(~x, t). (296)
Due to
Uˆ∗knot(~x) · Uˆknot(~x′) · Uˆknot(~x) = −Uˆknot(~x′), (297)
after exchanging two knots, we get
Ψ(~x′, ~x) = [Uˆknot(~x′) · Uˆknot(~x)]Zknot−crystal(~x, t) (298)
→ Ψ(~x, ~x′) = [Uˆknot(~x) · Uˆknot(~x′)]Zknot−crystal(~x, t)
= [Uˆknot(~x
′) · Uˆknot(~x)]Z′knot−crystal(~x, t)
= −Ψ(~x, ~x′)
where
Z
′
knot−crystal(~x, t) = Zknot−crystal(~x, t)e
iπ . (299)
The results are independent of the dimensions. As a result, the knot obeys fermionic statistics in different dimensions.
We then introduce second quantization representation for knots by defining fermionic operator c†1(~x), c
†
2(~x) as
Uˆknot(~x) =⇒ c†1(~x), Uˆknot(~x′) =⇒ c†2(~x). (300)
The knot-crystal without extra knots corresponds to the vacuum state |vacuum〉
Zknot−crystal(~x, t) =⇒ |vacuum〉 . (301)
Then after exchanging two identical particles, the many-body wave-function
|Ψinitial(~x′, ~x)〉 = c†(~x)c†(~x′) |vacuum〉 (302)
changes by a phase to be
|Ψinitial(~x′, ~x)〉 → Ψfinal(~x′, ~x)
= eiπc†(~x′)c†(~x) |vacuum〉 . (303)
After considering the four internal degrees of freedom, we have
c(~x, t) =


c↑,A(~x, t)
c↑,B(~x, t)
c↓,A(~x, t)
c↓,B(~x, t)

 . (304)
We identify c†↑,A/B(~x, t) (c↑,A/B(~x, t)) the creation (or annihilation) operator of a spin-↑ knot on vortex-membrane-
A/B; c†↓,A/B(~x, t) (c↓,A/B(~x, t)) the creation (or annihilation) operator of a spin-↓ knot on vortex-membrane-A/B.
According to the fermionic statistics, there exists anti-commutation relation
{c(~x, t), c(~x′, t)} = 0. (305)
In addition, we can introduce the field representation via Grassmann number
c(~x, t) =⇒ ψ(~x, t) =


ψ↑,A(~x, t)
ψ↑,B(~x, t)
ψ↓,A(~x, t)
ψ↓,B(~x, t)

 . (306)
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2. Path integral formulation for quantum mechanics
Path integral formulation for quantum mechanics is another formulation describing the dynamic evolution of the
distribution of knot-pieces. By considering information scaling the effective Planck constant of knot-crystal to that of
knots, the probability amplitude Kknot(~x
′, tf ; ~x, ti) for a knot (a knot-piece) from an initial position ~x at time t = ti
(that is described by a state |ti, ~x〉) to position ~x′ at a later time t = tf (|tf , ~x′〉) is obtained as,
Kknot(~x
′, tf ; ~x, ti) = 〈tf , ~x′ |ti, ~x〉 =
∑
n
eiSn/~knot
=
∫
D~pknot(t)D~x(t)eiS/~knot (307)
where
S =
∫
[~pknot
d~x
dt
− Hˆknot(~pknot, ~x)]dt. (308)
Each knot-piece’s path contributes eiSn/~knot where Sn is the n-th classical action i.e.,∑
n
eiSn/~knot . (309)
With the help of particle operators, we define the many-body Hamiltonian of the system with multi-knot as
Hˆ =
∫
d3x[ψ†(~x)Hˆknotψ(~x)] (310)
where Hˆknot is the Hamiltonian operator of single knot and ψ(~x) =
1√
V
∑
p cp exp(i~p · ~x/~knot) (cp =
(
c↑,p
c↓,p
)
). As a
result, we have
Hˆ =
∑
k
Hˆknot(~p)c
†
pcp =
∑
k
Hˆknot(~p)nˆp (311)
where nˆp = c
†
pcp. The definition of total Hamiltonian Hˆ means that for a given Kelvin wave there are np knots.
Now, we consider the path integral formulation of multi-knot. The probability amplitude
K(~x′M , ..., ~x
′
2, ~x
′
1, tf ; ~xM , ..., ~x2, ~x1, ti) (312)
= 〈tf , ~x′M , ..., ~x′2, ~x′1 |ti, ~xM , ..., ~x2, ~x1〉
becomes a multi-variable function where x′j and xj denote the final position and initial position of j-th knot, respec-
tively. For a multi-knot system, quantum processes are described by
K(~x′M , ..., ~x
′
2, ~x
′
1, tf ; ~xM , ..., ~x2, ~x1, ti)
= 〈tf , ~x′M , ..., ~x′2, ~x′1 |ti, ~xM , ..., ~x2, ~x1〉
=
∏
j
∑
n
ei∆φj,n =
∏
j
∑
n
eiSj,n/~knot =
∑
n
e
i
∑
j
Sj,n/~knot
=
∏
p
ψ†p(~x, t)ψp(~x, t)e
iSp/~knot =
∫
Dψ†(~x, t)Dψ(~x, t)eiS/~knot (313)
where
S =
∑
ω,~p
Sω,~p =
∫
Ldtd3x (314)
with
Sω,~p = ψ
†
~p(i~ω(~p)− Hˆknot(~p))ψ~p (315)
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and
L = iψ†∂tψ − Hˆ. (316)
The symbol
∑
n
denotes the summation of different pathes and the symbol
∏
j
denotes the product of different volume
changing with different zeros.
3. Discrete spatial translation symmetry for knots on knot-crystal
Symmetry and symmetry breaking play profound roles in particle physics for quantum field theory and quantum
many-body physics for solid physics.
In solid physics, a crystal is the system of periodically arranged atoms with spontaneous breaking of continuous
spatial translation symmetry to discrete spatial translation symmetry. On a crystal, due to spontaneous breaking of
continuous spatial translation symmetry to discrete spatial translation symmetry, the eigenstates are quantum states∣∣∣~k〉. The Bloch vector ∣∣∣~k〉 is defined as a linear superposition of the localized states |~R,~aj〉 in the unit cell ~R at
position ~aj , ∣∣∣~k〉 =∑
~R,j
cj(~k)e
i~k·~x|~R,~aj〉, (317)
that depends on Bloch momentum ~k and type of orbital j in the unit cell. One cannot do a translation operation
T (∆~x) with ∆~x = α~R where α is a non-integer real number. The Bloch theorem is very useful in description of a
quasi-particle in crystals that states that the basis vector
∣∣∣~k〉 translated for the Bravais vector ~R changes as
T (~R)
∣∣∣~k〉 = ei~k·~R ∣∣∣~k〉 (318)
where T (~R) is translation operation. Due to the existence of Brillouin zone (BZ), we have
∣∣∣~k〉 = ∣∣∣~k + ~Q〉 where ~Q is
reciprocal lattice vector.
For knot-crystal, the eigenstates of an arbitrary quantum state in pseudo-quantum mechanics have generalized
spatial translation symmetry
[
~k
〉
where ~k is wave-vector. By defining a translation operation T (∆~x), we have
T (∆~x)
[
~k
〉
= ei
~k·∆~x
[
~k
〉
(319)
where ∆~x denotes the distance from generalized spatial translation operation.
However, for emergent quantum mechanics, the situation changes. If we consider the vortex-piece with a zero
as the elementary physics object, there exists a generalization of the Bloch theorem that incorporates generalized
translational symmetries for quantum states of knots on a knot-crystal in emergent quantum mechanics.
For a plane wave state
∣∣∣~kL/R〉 of zeros on L/R-sublattice along the direction ~k, we do a translation operation T (∆~x)
(that corresponds to T (∆~x) on knot-crystal) and get
T (∆~x)
∣∣∣~kL/R〉 = ∣∣∣~kL/R〉 (320)
where (∆~x) = 2a.
For the case of (∆~x) = a, we have
Tˆ (∆~x)
∣∣∣~kL/R〉 = ∣∣∣~kR/L〉 (321)
that is reduced to the results in solid state physics. And we have a generalized BZ along a given direction ~e as∣∣∣~kL/R〉 = ∣∣∣~kR/L + ~k0〉 (322)
where ~k0 =
π
a~e is reciprocal lattice vector along the given direction ~e. The generalized Bloch theorem constrains the
formulation of the Hamiltonian which becomes manifestly invariant under additional spatial rotating symmetry.
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FIG. 11: An illustration of two ”sublattices” of zero-lattice of projected knot-crystal: |L〉 and |R〉 denotes states on different
sublattices; A and B denote the indices of vortex-membranes; (b) An illustration of the periodic structure along time-axis of
knot states |L〉 and |R〉 for leapfrogging knot-crystal. Υ(x, t) = ηA,θ(x, t)− ηB,θ(x, t) is function to characterize the oscillating
effect from leapfrogging motion. We define the states of sgn[Υ] = 1 by |L〉 and the states sgn[Υ] = −1 by |R〉, respectively.
For the case of (∆~x)mod a 6= 0, we can recover the continuous spatial translation symmetry by changing projection
angle
θ → θ′ = θ ∓ k0 · [a[(∆~x)mod a]]
= θ ∓ π[(∆~x)mod a]. (323)
4. Quantum field theory for knot-crystal
In emergent quantum mechanics, a knot-crystal becomes multi-knot system described by a tensor-network state, of
which the effective theory becomes a Dirac model in quantum field theory.
In emergent quantum mechanics, the Hamiltonian for a 3D SOC knot-crystal has two terms – the kinetic term and
the mass term from leapfrogging motion. In Fig.11.(a), we consider a knot-crystal to be a ”two-sublattice” model
with discrete spatial translation symmetry. We then label the knots by Wannier state |i,L〉 , |i+ 1,R〉 , |i+ 2,L〉,
...According to the definition of knot states |L〉 and |R〉, we use the Wannier states c†L,i |vacuum〉 and c†R,j |vacuum〉
to describe them.
We use the tight-binding formula to characterize the Hamiltonian that couples two nearest neighbor states |i,L〉
and |i + eI ,R〉 (I = X,Y, Z),
− J(|i,L〉 〈i+ eI ,R|+ |i+ eI ,R〉 〈i,L|) (324)
= −J(|i,L〉 〈i+ eI ,R|+ h.c.),
where i denotes a given knot and J denotes the entanglement energy of vortex-membranes that is equal to the global
rotating energy of the two entangled vortex-membranes. Then the total kinetic term is obtained as
− J
∑
〈i,j〉
(|i,L〉 〈j,R|) + h.c. (325)
where 〈i, j〉 denotes the nearest-neighbor knots. With help of Tˆ (a) and ι±, we have
|i+ eI ,L〉 = Tˆ (a) · ι+ |i,R〉 (326)
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where Tˆ (a) is the translation operator Tˆ (a) |i〉 = |i+ eI〉 that is
Tˆ (a) = eia(kˆ·~σ) (327)
and ι± is an operator denoting switching of the chiral (sub-lattice) degrees of freedom as ι− = (L → R) =
(
0 0
1 0
)
and ι+ = (R→ L) =
(
0 1
0 0
)
. The kinetic term can also be described by a familiar formulation
Hˆcoupling = −J
∑
〈i,j〉
c†i cj + h.c. (328)
where cˆ†i is the creation operator of knots at the site i.
We then use path-integral formulation to characterize the effective Hamiltonian for a knot-crystal as∫
Dψ†(t, ~x)Dψ(t, ~x)eiS/~knot (329)
where S = ∫ Ldt and L = i~knot∑
i
ψ†i ∂tψi−Hcoupling. In emergent quantum mechanics, ψ†(t, ~x) is a four-component
fermion field as
ψ†(t, ~x) =
(
ψ†↑L(t, ~x) ψ
†
↑R(t, ~x) ψ
†
↓L(t, ~x) ψ
†
↓R(t, ~x)
)
(330)
where ↑, ↓ label two spin degrees of freedom that denote the two possible winding directions, L,R label two chiral-
degrees of freedom that denote the two possible sub-lattices. After projection, there is no vortex-degree of freedom
and we have
Hcoupling = −J
∑
〈i,j〉
ψ†iψj + h.c.
= −J
∑
i
ψ†i (Tˆ (a)⊗ ι−)ψi + h.c.
= −J
∑
k
ψ†k(e
ia(~k·~σ) ⊗ ι−)ψk + h.c.
= −J
∑
k
ψ†k[cos(a(~k · ~σ))⊗ ιx]ψk
− J
∑
k
ψ†k[sin(a(~k · ~σ))⊗ ιy]ψk (331)
where ~k is the wave vector along the direction ~e and ιy = iι
− − iι+. In continuum limit ~k → ∆~k → 0, the effective
Hamiltonian is reduced into
Hcoupling ≃ −J
∑
k
ψ†k(~1⊗ ιx)ψk
− aJ
∑
k
ψ†k[∆~k · ~σ ⊗ ιy]ψk. (332)
Thus, the reduced BZ
∣∣∣~kL/R〉 is given [−π2 , π2 )⊗ [−π2 , π2 )⊗ [−π2 , π2 ). There exists a node at (0, 0, 0) and the excitation
modes have chiral properties. This dispersion is physical consequence of ”two-sublattice”.
Next, we consider the term from global rotating motion and leapfrogging motion, of which the angular frequency
ω∗. For leapfrogging motion obtained by[27], the function of the two entangled vortex-membranes is simplified by(
zA(~x = 0, t)
zB(~x = 0, t)
)
=
r0
2
(
1 + eiω
∗t
1− eiω∗t
)
e−iω0t. (333)
At t = 0, we have knot state
(
1
0
)
; At t = πω∗ , we have knot state
(
0
1
)
. Thus, the leapfrogging knot-crystal leads to
periodic varied knot states, i.e. at t = 0 we have sgn[Υ(t)] > 0 that is denoted by |L〉 ; at t = πω∗ we have sgn[Υ(t)] < 0
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that is denoted by |R〉. From the global rotating motion denoted e−iω0t, the projected states also change periodically.
As a result, we use the following formulation to characterize the global rotating process and the leapfrogging process,
ψi → ψ′i(t) = e(~1⊗ιx)(2i(ω0+ω
∗)t) · ψi. (334)
After considering the energy from the global rotating process and the leapfrogging process, a corresponding term is
given by
i~knot
∑
i
ψ′†i ∂tψ
′
i = i~knot
∑
i
(ψ†i e
(~1⊗ιx)(−2i(ω0+ω∗)t))∂t(e(
~1⊗ιx)(2i(ω0+ω∗)t)ψi)
= i~knot
∑
i
(ψ†i ∂tψi + 2iψ
†
i (ω0 + ω
∗)(~1⊗ ιx)ψi).
We write down the total Lagrangian of a 3D leapfrogging knot-crystal in tight-binding formula as
L = i~knot
∑
i
ψ′†i ∂tψ
′
i −Hcoupling (335)
= i~knot
∫
ψ†∂tψd3x−Hknot
where
Hknot = Hcoupling + 2~knot(ω0 + ω∗)
∫
ψ†(~1⊗ ιx)ψd3x (336)
= −J
∑
k
ψ†k(~1⊗ ιx)ψk − aJ
∑
k
ψ†k[∆~k · ~σ ⊗ ιy]ψk
+ 2~knot(ω0 + ω
∗)
∑
k
ψ†k(~1⊗ ιx)ψk.
From the fact that the energy of vortex-membranes is equal to the global rotating energy, J − 2~knotω0 = 0, we derive
the value of J , i.e., J = 2 · ~knotω0. Here, the factor ”2” comes from the global rotating energy of the two entangled
vortex-membranes.
Finally, in long wave-length limit ∆k → 0 we obtain the low energy effective Hamiltonian as
Hknot ≃ −aJ
∑
k
ψ†k[((∆~k · ~σ)⊗ ιy)]ψk
+ 2~knotω
∗∑
k
ψ†k(~1 ⊗ ιx)ψk
= −ceff
∫
ψ†[(~σ ⊗ ιy) · ~pknot]ψd3x
+mknotc
2
eff
∫
ψ†(~1 ⊗ ιx)ψd3x (337)
where ceff =
a·J
~knot
= 2aω0 play the role of light speed and mknotc
2
eff = 2~knotω
∗ plays role of the mass of knots.
~pknot = ~knot~k is the momentum operator. We then re-write the effective Hamiltonian to be
Hknot =
∫
(ψ†Hˆknotψ)d3x (338)
and
Hˆknot = −ceff~Γ · ~pknot +mknotc2effΓ5 (339)
where Γ5 = ~1⊗ ιx, ~Γ = (Γ1,Γ2,Γ3) and Γ1 = σx ⊗ ιy, Γ2 = σy ⊗ ιy , Γ3 = σz ⊗ ιy .
It is obvious that the total Hamiltonian H has translation symmetry and rotation symmetry[
Tˆ (∆~x), Hˆknot
]
= 0 (340)
and [
Rˆ, Hˆknot
]
= 0, (341)
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respectively. Here, Tˆ (∆x) = eia(kˆ·Γ˜) ·Sˆ is translation operator. That means we have generalized translation symmetry.
Another important property of the Dirac model for knot-crystal is spin-orbital coupling. The global spatial rotation
operator is defined by
Rˆ = Rˆspin · Rˆspace (342)
where Rˆspin is SO(3) spin rotation operator RˆspinΓ˜Rˆ
−1
spin = Γ˜
′, and Rˆspace is SO(3) spatial rotation operator,
Rˆspace~pRˆ
−1
space = ~p
′, Rˆspace~xRˆ−1space = ~x
′. After doing a global spatial rotation operation, the motion direction changes
from ~e to ~e′. That means we have generalized rotation symmetry.
The ground state of knot-crystal is a filled state of knots, of which the total number of knots is Nknot. The excitation
is a knot, of which the energy dispersion is
Ep = ±
√
~2knotk
2c2eff +m
2
knotc
4
eff (343)
where k2 = k2x+k
2
y+k
2
z and mknot is the mass of knot. There are four energy bands for Dirac states. For a particle-like
excitation, the energy is
√
~2knotk
2c2eff +m
2c4eff ; for a hole-like excitation, the energy is −
√
~2knotk
2c2eff +m
2
knotc
4
eff . For
a particle-like excitation, an extra knot with a zero is put on the knot-crystal and the total volume of the deformed
knot-crystal becomes (Nknot + 1)Vknot; for a hole-like excitation, a knot with a zero is taken off from the knot-crystal
and the total volume of the deformed knot-crystal is (Nknot − 1)Vknot. The situation is very similar to the quasi-
particles in solid physics. From Hˆ3D, for a particle-like knot, we can easily obtain the Schro¨dinger equation in low
velocity limit,
i~knot
dψ(~x, t)
dt
= Hˆknotψ(~x, t) (344)
where
Hˆknot =
pˆ2knot
2mknot
. (345)
Finally, the low energy effective Lagrangian of 3D SOC knot-crystal is derived as
L3D = iψ†∂tψ −Hknot (346)
= ψ¯(iγµ∂ˆµ −mknot)ψ
where ψ¯ = ψ†γ0, γµ are the reduced Gamma matrices, γ1 = γ0Γ1, γ2 = γ0Γ2, γ3 = γ0Γ3, and γ0 = Γ5 = ~1 ⊗ ιx,
γ5 = iγ0γ1γ2γ3. This is Lagrangian for massive Dirac fermions with emergent SO(3,1) Lorentz-invariance. Since the
velocity ceff only depends on the microscopic parameter k0 and κ, we may regard ceff to be ”light-velocity” and the
invariance of light-velocity becomes a fundamental principle for the knot physics. In above equation, we have set
ceff = 1.
As a result, we answer the question – how to characterize the evolution of the object with a zero? The pseudo-
quantum mechanics describes the entanglement-fluctuation of two entangled vortex-membrane with fixed volume in
the 5D fluid; The emergent quantum field theory describes the volume-changing entanglement-fluctuation of two
entangled vortex-membrane in the 5D fluid. From point view of information, the elementary volume-changing with
a zero is a knot. We consider a given pattern of knot-pieces ψ(~x) as the initial condition. We expand ψ(~x) by
the eigenstates of plane waves as ψ(~x) =
∑
k
cke
i~pknot·~x/~knot . Thus, under time evolution, the function of vortex-
membranes becomes ψ(~x, t) =
∑
k
cke
i~pknot·~x/~knote−iEknot·t/~knot . Finally, the density of knot-pieces is obtained as
ρknot(~x, t) = ψ
†(~x, t)ψ(~x, t). (347)
We point out that under time evolution, the energy H(~pknot), the momentum ~pknot (the Lamb impulse) and the
(Lamb impulse) angular momentum (the effective Planck constant ~knot) are all conserved. And owning to the the
conservation conditions of the volume of the knot in 5D space, the shape of knot is never changed and the corresponding
Kelvin waves of knots cannot evolve smoothly. Instead, the knot can only split and knot-pieces evolves following the
equation of motion of Biot-Savart equation (Schro¨dinger equation). This is the fundamental principle of quantum
mechanics.
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So for 3D SOC knot, there exist two types of Hamiltonian – one type on flat vortex-membranes with continuum
spatial translation symmetry, the other on knot-crystal with lattice translation symmetry. For, a knot on flat vortex-
membranes, the equation of motion is determined by the Schro¨dinger equation with the Hamiltonian
Hˆknot =
∑
I
[
(pˆIknot)
2
2mpseudo
] +
~knotω
∗
2
(~1 ⊗ (τx − ~1)). (348)
There doesn’t exist Lorentz invariance; For the knots on 3D SOC knot-crystal, the equation of motion is determined
by the Schro¨dinger equation with the Hamiltonian
Hˆknot = −ceff~Γ · ~pknot +mknotc2effΓ5. (349)
5. Possible physical realization
We address the issue of the physical realization of a 1D knot-crystal based on entangled vortex-lines in 4He superfluid.
We consider two rectilinear vortex-lines in SF that is stretched between opposite points on the system. Then we
rotate one vortex-line around the other with a rotating velocity ω0. According to the theory of Kelvin waves, the
winding vortex-line becomes a helical one that is described by r0e
ik0·x−iω0t+iφ0 where ω0 ≃ ( κ4π ln 1k0a0 )k20 . As a result,
in principle, we realize a knot-crystal.
We estimate the two physical constants, ~knot and ceff . The emergent Planck constant ~knot is defined by ~knot =
πr20ρ0κ
2k0
. We set the length of the half pitch of the windings a = πk0 to be 10
−5cm, and the distance between two
vortex-lines r0 as 10
−6cm. For 4He superfluid, κ is about 10−3cm2/s, Then the effective Planck constant is estimated
to be ~knot = NHe4 · ~ ∼ 105~ where NHe4 = πr20a · ρ∗ is the atom’s number inside a knot. ρ∗ is the superfluid density.
Another important parameter is the effective light speed ceff , which is defined by ceff =
κk0
2 (ln
1
k0a0
− 12 ). The effective
light speed is estimated to be ceff ∼ 12m/s.
D. Measurement theory
Measurement is an important issue of quantum mechanics. P.A.M. Dirac (1958) in ”The Principles of Quantum
Mechanics said, ”A measurement always causes the system to jump into an eigenstate of the dynamical variable that
is being measured, the eigenvalue this eigenstate belongs to being equal to the result of the measurement.” According to
the Copenhagen interpretation, the state of a system is assumed to ”collapse” into an eigenstate of the operator during
measurement. That is the so-called measurement process of ”wave-function collapse”. The wave-function collapse is
random and indeterministic and the predicted value of the measurement is described by a probability distribution.
The wave-function collapse raises ”the measurement problem”, as well as questions of determinism and locality, as
demonstrated in the Einstein–Podolsky–Rosen (EPR) paradox[30]. In this section, we show measurement theory in
emergent quantum mechanics.
1. Information measurement and observers
In physics, people try to know the information of patterns for perturbative Kelvin wave of knots described by
Zknot(~x, t), i.e.,
Information = Zknot(~x, t). (350)
In mathematics, the information is the distribution of zeros between projected vortex-membranes that is determined
by knot density for a given quantum state described by |ψ(~x, t)〉, i.e.,
Information = |ψ(~x, t)〉 . (351)
That means to identify the entanglement pattern of vortex-membranes Zknot(~x, t), people detect the distribution
function of knot-pieces ρknot(~x, t), i.e.,
Measurement = to detect Zknot(~x, t) (352)
→ to detect ρknot(~x, t).
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t = t1
t = t1
t = t2
t = t2
(b)(a)
x
d dx
x
k0
FIG. 12: An illustration of dynamic projection: (a) shows phase φ via x and (b) shows phase changing dφ
dx
via x. There are
two measurement processes at time t = t1 and t = t2. The green spots in (a) and the purple spots in (b) denote the position of
knot-pieces under projection. In (a), people can detect the phase changing and the information for a knot can be fully observed;
In (b), people can only detect the phase changing and the information for a knot cannot be fully observed.
To do measurement, there exist observers. To detect the distribution of knot-pieces, there are two types of observers:
one type is the inner observers that are special multi-knot systems on vortex-membranes, the other is outer observers
that are objects out of vortex-membranes (or even out of the inviscid incompressible fluid). For the outer observers,
the rulers and clocks are independent on the physical properties of the knot-crystal. In principle, the outer observers
have the ability to detect the every detail of the perturbative Kelvin waves on the knot-crystal. As a result, the
theory for outer observers is Biot-Savart mechanics. However, for the inner observers, the rulers and clocks depend on
the physical properties of the knot-crystal. In general, the inner observers have very very slow clocks and very very
large rules and have no the ability to detect the every detail of the perturbative Kelvin waves on the knot-crystal.
By using a huge ruler, the inner observers obtain a coarse-graining picture of a given system of multi-knots; By using
a slow clock, the inner observers obtain average results of a dynamic system of multi-knots via time. So the inner
observers will never obtain the complete information. In particular, the information of absolute phase factor cannot
be observed for inner observers owing to a slow clock and a huge rule with very large scale-distance. In this paper,
we consider the measurement theory for inner observers by considering slow clock. The situation for huge rule with
very large scale-distance is similar.
2. Dynamic projection
In this part, we show the concept of dynamic projection, that is a process to detect ρknot(~x, t).
Knot is topological object that leads to π-phase changing (∆φ = π) and knot-piece is tiny phase-changing (∆φ→ 0)
with fixed phase angle (φ = φ0). To find a knot (or a knot-piece), people need to detect the phase-changing ∆φ that
changes the density of zeros between two vortex-membranes, ρzero → ρzero(x, t). So we may project the vortex-
membranes and solve the knot-function to look for extra solutions owing to the knot-piece ∆φ. In experiments,
people identify phase-changing ∆φ via dynamic projection
Pˆdynamic = to capture a knot-piece ∆φ at t = t0. (353)
To find a fragmentized knot, we need to do projection
Pˆdynamic(t0, θ)zB(~x, t) = Pˆdynamic(t0, θ)zA(~x0, t0). (354)
Under a projection, a fragmentized (or randomized) knot is fixed at x0 and time t0.
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Because a knot is really a sharp phase-changing that could interact with the measuring devices,
Z˜
′
fragment(~x, t) = UˆfragmentZknot−crystal(~x, t)
=
N→∞∏
i=1,I
UˆIfragment(∆φ 1N -knot (X0)i)Zknot−crystal(~x, t). (355)
Thus, according to the different effects, we can decompose the dynamic operator into three parts:
Pˆdynamic(t0, θ) = PˆfragmentPˆKlevin−wavePˆ (t0) (356)
where Pˆ (t0) denotes the projection at time t0, PˆKlevin−wave denotes the projection on a given eigenstate of pertur-
bative Kelvin waves e−i∆ω·t0+i∆~k·~x0


u~k0,A
u~k0,B
u−~k0,A
u−~k0,B

 with fixed spin and vortex degrees of freedom, Pˆfragment denotes the
projection on a given knot-piece for the projected pertubative Kelvin waves. As a result, the dynamic projection
operator is defined by
Pˆdynamic(t0, θ)z(~x, t0) (357)
= Pˆdynamic(t0, θ)
N→∞∏
i=1,I
UˆIfragment(∆φ 1N -knot (X0)i)
· [
∑
∆k
a∆ke
±i∆ωt0±i∆~k·~x0Zknot−crystal(~x, t)]
= UˆIfragment(∆φ 1N -knot (X0)i)
· [a∆ke−i∆ωt0+i∆k·x0Zknot−crystal(~x0, t0)]
⇒ [z(φ(x0))fragment]
· [e−i∆ωt0+i∆k·x0Zknot−crustal(~x0, t0)]. (358)
After repeating the measurement processes Pˆdynamic, a lot of knot-pieces is observed and people know their distri-
bution ρknot(~x, t). Finally, the information of perturbative Kelvin waves on vortex-membrane Zknot(~x, t) is explored.
During measurement processes, the phase angle of knot-pieces is fixed to be φ0(t0) that depends on the time of
measurement. This gives an explanation of ”wave-function collapse” in quantum mechanics.
3. Fast-clock effect
We point out that the probability of emergent quantum mechanics comes from dynamically projecting entangled
vortex-membranes via stochastic projected time t0 that leads to stochastic projected angle.
It is known that the knots are phase-changing of knot-crystal. For a knot crystal, Zknot−crystal(~x, t) ∼
e−i(ω0+∆ω)t+φ0 , the period Tclock of the phase angle changing 2π is Tclock = 2πω0+∆ω . So we have an intrinsic clock
for knots, of which the phase is just the phase of the wave-function. The clock for inner observers Tinner must be
very very slower than the intrinsic clock, Tinner ≫ Tclock. The inner observers can do measurement at the sched-
uled time ∆t = nTinner (n is an arbitrary integer number), but cannot accurately do measurement at the scheduled
time ∆t = nTclock. In the limit of
Tinner
Tclock
→ ∞,
[
∆t
Tclock
−mod( ∆tTclock )
]
is a random value and the projection angles[
∆t
Tclock
−mod( ∆tTclock )
]
ω0 become stochastic for the different projection processes. As a result, owning to the stochastic
projecting time Pˆ (t0), the projecting angle θ is a random value, i.e.,
θ → θ +
[
∆t
Tclock
−mod( ∆t
Tclock
)
]
ω0 (359)
= a random value.
We call it ”fast-clock” effect.
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As shown in Fig.12.(b), the detecting process can be exactly demonstrated by pulse sample figures – people can
detect the phase-changing from knots but cannot detect the absolute phase angle.
For stochastic projection process due to ”fast-clock” effect, the probability for a knot-piece is defined by the average
of the projection angle. If there exists a knot solution at x¯(θ¯) for a given projection angle θ¯, we call θ¯ the permitted
projection angle; If there doesn’t exist knot solution for a given projected angle θ˜, we call θ˜ the unpermitted projection
angle. Thus, the probability of a knot-piece is obtained as 12π
∫
dθ¯ = 1N where
∫
dθ¯ = 2πN denotes the summation of
all permitted projected angles θ¯. For a system with a knot-piece, the probability for finding a knot (a zero between
two projected vortex-membranes) is just its knot number, i.e., 12π
∫
dθ¯ =
〈
Kˆ
〉
= 1N . As a result, if we ignore the
contribution from background (the knot crystal), the probability density for finding a knot nknot(~x, t) =
1
∆Vp
· 12π
∫
dθ¯
is obtained as
nknot(~x, t) =
〈
∆Kˆ
∆Vp
〉
≡ ρknot(~x, t). (360)
This result indicates that the probability density for finding a knot is equal to the knot density ρknot(~x, t).
4. Probability interpretation for wave-functions
We point out that the function of a Kelvin wave with a fragmentized knot describes the distribution of the knot-
pieces and plays the role of the wave-function in quantum mechanics as
ψ(~x, t)⇐⇒
√
ρknot(~x, t)e
i∆φ(~x,t), (361)
and
ρknot(~x, t)⇐⇒ nknot(~x, t) (362)
where the function of Kelvin wave with a fragmentized knot becomes the wave-function ψ(~x, t) in emergent quantum
mechanics, the angle ∆φB(x, t) becomes the quantum phase angle of wave-function, the knot density ρknot =
〈
∆Kˆ
∆VP
〉
becomes the probability density of knots nknot(~x). Thus, the measurement is to find the zero between two projected
vortex-membranes that occurs at certain fragmentized knot with probability in a given region, ψ∗(~x, t)ψ(~x, t)∆VP .
In particular, we emphasize knot has holographic property. Although, a knot-piece has a probability of ρknot =
1
N
to find a knot, not only its tensor state are same to that of a knot, but also its mass is mknot rather than mknot/N .
5. Complementarity principle
In emergent quantum mechanics, complementarity principle comes from complementarity property of knots. On
the one hand, a knot piece is phase-changing – a sharp, time-independent, topological phase-changing, ∆φ 6= 0. To
count the knot number, we had introduced knot-number operator Kˆ = −i ddφ ; On the other hand, a knot-piece has a
fixed phase angle, φ0 that is determined by perturbative Kelvin waves on the vortex-membranes. One cannot exactly
determine the phase angle of a knot-piece by observing its phase-changing. We call this property to be complementarity
principle in emergent quantum mechanics that leads to uncertainty principle. Based on the complementarity principle,
we discuss wave-particle duality and uncertainty principle.
Wave–particle duality is the fact that elementary particles exhibit both particle-like behavior and wave-like behavior.
As Einstein wrote: ”It seems as though we must use sometimes the one theory and sometimes the other, while at times
we may use either. We are faced with a new kind of difficulty. We have two contradictory pictures of reality; separately
neither of them fully explains the phenomena of light, but together they do”. Here, we point out that wave–particle
duality of quantum particles is really ”information-motion duality” that is property of complementarity principle.
On one hand, a knot is information unit that is a sharp, fragmentized, topological phase-changing in physics and
would become a ”point” after projection in mathematics. Thus, it shows particle-like behavior; On the other hand,
the dynamic, smooth, non-topological phase-changing from perturbative Kelvin waves shows wave-like behavior that
is characterized by wave-functions. In other words, the Kelvin waves look like pilot-waves[13], on which knot-pieces
stay.
For emergent quantum mechanics, the uncertainty principle is related to the information nature of knots. From the
point view of information, the momentum denotes the spatial distribution of knot-pieces (or information), the energy
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denotes the temporal distribution of knot-pieces (or information). On one hand, a uniform distribution of knot-pieces
generated by Uˆfragment on knot-crystal with an excited Kelvin wave ψ(x, t) = e
−iωt+i~k·~x is described by a wave-function
of a plane wave with a fixed projected momentum ~pknot = ~knot~k. For this case, we know momentum information of
the knot but we do not know its position information; On the other hand, a unified knot generated by UˆUnified−knot
is really a special distribution of knot-pieces and can be regarded as a superposition state of ψ(x, t) ∼
∑
k
e−iωt+i~k·~x.
For this case, we know the position information of the knot but we do not know its momentum information.
6. Applications: the Schro¨dinger’s cat paradox and the double-slit experiment
From above discussion, we show the answer to the Schro¨dinger’s cat paradox. The stochastic and uncertain come
from dynamic projection and fragmentized knot. A cat is a classical object with slow inner clock. The time scale of
a cat is the same order of the detecting objects. There is no dynamic projection process and all information of a cat
can be obtained. So there is no Schro¨dinger’s cat paradox at all.
We then give an explanation on the double-slit experiment. Before measurement in double-slit experiment, the
knot can be regarded as fragmentized knot on a perturbative Kelvin wave, of which the probability distribution is
described by the wave-function. It has no classical path. There exists particular interference pattern on the screen
that agrees to the prediction from quantum mechanics. However, after measurement, the phase angle of knot-pieces
becomes randomized. As a result, the phase coherence is destructed and the interference disappears.
E. Quantum entanglement theory
In the end of the section, we address the issue of quantum entanglement. Quantum entanglement is a physical
phenomenon for two knots that the quantum state of each knot cannot be described independently of the others,
even when the particles are separated by a large distance. An entangled state for n-body quantum system comes
from new type of knots – composite knot with n zeros. We call it (composite) mπ-knots that change the volume of
vortex-membranes via ±mVknot. Here, m may be not equal to n. For a fragmentized mπ-knot, the distribution of
its pieces is described by its ”wave-functions”. In general, the quantum states for a fragmentized mπ-knot cannot be
reduced into a product state of the wave-function for n knots.
Firstly, we study entangled states for two knots.
We consider two spin degrees of freedom for a knot
( |↑〉knot|↓〉knot
)
. On the basis of


|↑〉knot,1 ⊗ |↑〉knot,2
|↑〉knot,1 ⊗ |↓〉knot,2
|↓〉knot,1 ⊗ |↑〉knot,2
|↓〉knot,1 ⊗ |↓〉knot,2

 , (363)
an arbitrary entangled state for two knots is given by

b1,21
b1,22
b1,23
b1,24

 (364)
where b1,2i (i = 1, 2, 3, 4) denotes the weights for different elements. For example, Bell states are defined as
1√
2
(|↑〉knot,1 ⊗ |↑〉knot,2 ± |↓〉knot,1 ⊗ |↓〉knot,2), (365)
or
1√
2
(|↑〉knot,1 ⊗ |↓〉knot,2 ± |↓〉knot,1 ⊗ |↑〉knot,2). (366)
We then define the composite knots for each state of the basis |↑〉knot,1 ⊗ |↑〉knot,2 , |↑〉knot,1 ⊗ |↓〉knot,2 , |↓〉knot,1 ⊗
|↑〉knot,2 , |↓〉knot,1 ⊗ |↓〉knot,2:
60
(c)(b)(a)
zero
FIG. 13: (a) A unified knot with 1 zero; (b) A unified 2π-knot with 2 correlated zeros; (c) A unified 3π-knot with correlated 3
zeros. Each crossing between two vortex-lines corresponds to a zero.
1. The function for unified |↑〉knot,1 ⊗ |↑〉knot,2 2π-knot is given by
z↑↑,2π−knot = r(x) exp[iφ↑↑,2π−knot(x, t)], (367)
with
r(x)→


0, x ∈ (−∞, x0]
r0, x ∈ (x0, x0 + 2a]
0, x ∈ (x0 + 2a,∞)

 (368)
and
φ↑↑,2π−knot(x) =


φ0, x ∈ (−∞, x0]
φ0 + k0(x− x0), x ∈ (x0, x0 + 2a]
φ0 + 2π, x ∈ (x0 + 2a,∞)

 (369)
where k0 =
π
a and φ0 is constant. We denote this state by |↑↑〉2π−knot. See the illustration of a 2π-knot in Fig.13.(b).
2. The function for unified |↓〉knot,1 ⊗ |↓〉knot,2 2π-knot is given by
z↓↓,2π−knot = r(x) exp[iφ↓↓,2π−knot(x, t)], (370)
with
r(x)→


0, x ∈ (−∞, x0]
r0, x ∈ (x0, x0 + 2a]
0, x ∈ (x0 + 2a,∞)

 (371)
and
φ↓↓,2π−knot(x) =


φ0, x ∈ (−∞, x0]
φ0 − k0(x− x0), x ∈ (x0, x0 + 2a]
φ0 − 2π, x ∈ (x0 + a,∞)

 . (372)
We denote this state by |↓↓〉2π−knot.
3. The function for unified |↑〉knot,1 ⊗ |↓〉knot,2 0-knot is given by
z↑↓,0−knot = r(x) exp[iφ↑↓,0−knot(x, t)], (373)
61
with
r(x)→


0, x ∈ (−∞, x0]
r0, x ∈ (x0, x0 + 2a]
0, x ∈ (x0 + 2a,∞)

 (374)
and
φ↑↓,0−knot(x) =


φ0, x ∈ (−∞, x0]
φ0 + k0(x − x0), x ∈ (x0, x0 + a]
φ0 + π − k0(x− x0 − a), x ∈ (x0 + a, x0 + 2a]
φ0, x ∈ (x0 + 2a,∞)

 . (375)
We denote this state by |↑↓〉0−knot.
4. The function for unified |↓〉knot,1 ⊗ |↑〉knot,2 0-knot is given by
z↓↑,0−knot = r(x) exp[iφ↓↑,0−knot(x, t)], (376)
with
r(x)→


0, x ∈ (−∞, x0]
r0, x ∈ (x0, x0 + 2a]
0, x ∈ (x0 + 2a,∞)

 (377)
and
φ↓↑,0−knot(x) =


φ0, x ∈ (−∞, x0]
φ0 − k0(x − x0), x ∈ (x0, x0 + a]
φ0 − π + k0(x− x0 − a), x ∈ (x0 + a, x0 + 2a]
φ0, x ∈ (x0 + 2a,∞)

 . (378)
We denote this state by |↓↑〉0−knot.
We can see that the entangled knots can be regarded as a unified object with two correlated zeros and fixed volume
of vortex-membranes ±2Vknot. For example, the Bell state |↑〉1⊗ |↑〉2+ |↓〉1⊗ |↓〉2 is just 1√2 (|↑〉2π−knot+ |↓〉2π−knot).
So after each dynamic projection process, there exist two zeros. When the properties of a knot (a zero) is detected, the
other is exactly known. The non-locality of quantum entangled states comes from the non-locality of a perturbative
Kelvin wave and the fixed phase difference between the knot-pieces of two knots. We point out that there exist
different choices for an entangled state for two knots by considering different types of composite knots.
The concept of composite knot can be generalized to the entangled states for n knots. For entangled states of n
knots, on the basis of 

|↑〉knot,1 ⊗ |↑〉knot,2 ⊗ |↑〉knot,3 ...⊗ |↑〉knot,n
|↓〉knot,1 ⊗ |↑〉knot,2 ⊗ |↑〉knot,3 ...⊗ |↑〉knot,n
|↑〉knot,1 ⊗ |↓〉knot,2 ⊗ |↑〉knot,3 ...⊗ |↑〉knot,n
...
|↓〉knot,1 ⊗ |↓〉knot,2 ⊗ |↓〉knot,3 ...⊗ |↓〉knot,n

 , (379)
an arbitrary entangled state for n knots is given by 

b1,n1
b1,n2
b1,n3
...
b1,n2n

 , (380)
where b1,ni (i = 1, 2, 3, ...2
n) denotes the weights for different elements. We could define 2n different types of composite
knots to characterize an arbitrary entangled state of n knot.
We take the states |↑〉knot,1 ⊗ |↑〉knot,2 ⊗ |↑〉knot,3 ... ⊗ |↑〉knot,n and |↓〉knot,1 ⊗ |↓〉knot,2 ⊗ |↓〉knot,3 ... ⊗ |↓〉knot,n as
examples: The function for the unified |↑〉knot,1 ⊗ |↑〉knot,2 ⊗ |↑〉knot,3 ...⊗ |↑〉knot,n nπ-knot is given by
z↑↑...↑,nπ−knot = r0 exp[iφ↑↑...↑,nπ−knot(x, t)], (381)
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with
r(x)→


0, x ∈ (−∞, x0]
r0, x ∈ (x0, x0 + na]
0, x ∈ (x0 + na,∞)

 (382)
and
φ↑↑...↑,nπ−knot(x) =


φ0, x ∈ (−∞, x0]
φ0 + k0(x− x0), x ∈ (x0, x0 + na]
φ0 + nπ, x ∈ (x0 + na,∞)

 . (383)
We denote this state by |↑↑ ... ↑〉nπ−knot; The function for the unified |↓〉knot,1 ⊗ |↓〉knot,2 ⊗ |↓〉knot,3 ... ⊗ |↓〉knot,n
nπ-knot is given by
z↓↓...↓,nπ−knot = r0 exp[iφ↓↓...↓,nπ−knot(x, t)], (384)
with
r(x)→


0, x ∈ (−∞, x0]
r0, x ∈ (x0, x0 + na]
0, x ∈ (x0 + na,∞)

 (385)
and
φ↓↓...↓,nπ−knot(x) =


φ0, x ∈ (−∞, x0]
φ0 − k0(x− x0), x ∈ (x0, x0 + na]
φ0 − nπ, x ∈ (x0 + na,∞)

 . (386)
We denote this state by |↓↓ ... ↓〉nπ−knot.
The GHZ state for n knots
1√
2
(|↑〉knot,1 ⊗ |↑〉knot,2 ⊗ |↑〉knot,3 ...⊗ |↑〉knot,n (387)
± |↓〉knot,1 ⊗ |↓〉knot,2 ⊗ |↓〉knot,3 ...⊗ |↓〉knot,n).
is just 1√
2
(|↑↑ ... ↑〉nπ−knot±|↓↓ ... ↓〉nπ−knot). From the point view of entanglement, a 1D knot-crystal can be regarded
as a big unified (Nknotπ)-knots with Nknot correlated zeros and fixed volume of vortex-membranes ±NknotVknot, of
which the entangled state can be |↑↑ ... ↑〉Nknotπ−knot . This interpretation gives another explanation on information
scaling from knot-crystal to knot.
VI. CONCLUSION AND SUMMARY
In the end, we draw the conclusion. Fig.14 shows the correspondence between the Biot-Savart mechanics for knots
and emergent quantum mechanics for particles. Owning to the the conservation conditions of the volume of the knot
in 5D space, the shape and the volume of knot is never changed and the knot can only split and knot-pieces evolves
following the equation of motion of Schro¨dinger equation. Three dimensional quantum Dirac model is obtained to
effectively describe the deformed vortex-membranes: The elementary excitations are knots with information unit;
The physics quality to describe local deformation is knot density that is defined by the density of zeros between two
projected vortex-membranes; The Biot-Savart equation for Kelvin waves becomes Schro¨dinger equation for probability
waves of knots; the classical functions for perturbative Kelvin waves become wave-functions for knots; The probability
of quantum mechanics comes from dynamic projection for inner observers owing to ”fast-clock” effect; The angular
frequency for leapfrogging motion plays the role of the mass of knots; etc. This work would help people to understand
the mystery of quantum mechanics.
Finally, there are several unsolved problems. In this paper, we only consider the perturbative effect on the Kelvin
waves. According to Hasimoto, an important result after considering the nonlinear effect is the existence of soliton
solutions by mapping the Biot-Savart equation to 1D non-linear Schro¨dinger equation via Hasimoto representation[31].
The generalization of Hasimoto representation to 3D knot-crystal may be interesting. In addition, after considering
the dissipation effect, the Kelvin waves are subject to Kolmogorov-like turbulence (even in quantum fluid[8, 9]). The
stability of 3D knot-crystals and the possible cascade of Kelvin waves to turbulence are also open issues. From the
point view of emergent quantum field theory, the emergence of gauge fields and gauge interaction on a knot-crystal is
a critical problem. In the future, we will study these problems and develop a complete theory for emergent quantum
physics.
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FIG. 14: Correspondence between Biot-Savart mechanics and emergent-quantum mechanics
Acknowledgments
This work is supported by NSFC Grant No. 11674026. Because it was Kelvin (Sir W. Thomson) who firstly
proposed the two key concepts in this manuscript (dynamic knots for elementary particles and Kelvin waves), I wish
to express my gratitude to this wonderful physicist who worked during the 19th century.
VII. APPENDIX 1: THEORY OF KELVIN WAVES FOR 1D VORTEX-LINES
vortex-lines are one-dimensional topological objects in three-dimensional superfluid (SF). For SF with a vortex-line,
a rotationless superfluid component flow ∇× v = 0 is violated on one-dimensional singularities s(, t), which depends
on the variables – arc length and the time t. Away from the singularities, the velocity increases to infinity so that
the circulation of the superfluid velocity remains constant,∮
v · dl = κ
where v = s˙. As a result, the superfluid vortex filament could be described by the Biot-Savart equation
r˙ =
κ
4π
∫
ds× (r− s)
|r− s|3 , (388)
where κ = h/m4 (for
4He) or h/m3 (for
3He) is the discreteness of circulation. r is the vector that denotes the position
of vortex filament and s denotes the integral variable. This means that the singularity of v(r) comes from integrating
around the vicinity part of s0.
A. Local induction approximation
In Cartesian coordinate system, the position vector of vortex filament is s = (x, y, z). By using the natural
parameterizations, it is convenient to express s in form of s(ξ), in which ξ is the (algebraic) arc length measured from
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the point s0. In the vicinity of s0, we can expand the function s(ξ) as
s(ξ) = s0 + s
′ξ + s′′ξ2/2 + · · · (389)
and
ds = s′dξ + s′′ξdξ + · · · (390)
in which s′ = ∂S∂ξ and s
′′ = ∂
2S
∂2ξ , respectively. From the geometrical point of view, s
′ is the unit vector tangent to
vortex filament, s′′ is the vector normal to vortex filament.
When r → s0, we can separate the integral into two parts: one is in the vicinity of s0, the other is regular part
without singularity, i.e.,
v(r→ s0) = κ
4π
∫ ξ0
−ξ0
dξ
(s′′ξ + s′)× (s0 − s)
|s0 − s|3 + regular (391)
≈ κ
4π
∫ ξ0
−ξ0
dξ
(s′′ξ + s′)× (s0 − s0 − s′ξ − s′′ξ2/2)
|s0 − s0 − s′ξ|3 + regular
=
κ
4π
∫ ξ0
−ξ0
dξ
(s′′ξ + s′)× (−s′ξ − s′′ξ2/2)
| − s′ξ|3 + regular
=
κ
4π
∫ ξ0
−ξ0
dξ
−s′′ × s′ξ2 − s′ × s′′ξ2/2
|s′ξ|3 + regular
=
κ
8π|s′|3 s
′ × s′′
∫ ξ0
−ξ0
dξ
|ξ| + regular.
where ξ0 is the length of the order of the curvature radius (or inter-vortex distance when the considered vortex filament
is a part of a vortex tangle).
By using
∫ ξ0
−ξ0
dξ
|ξ|→ 2 ln (ξ0/a0), we reduce the Biot-Savart equation by local induction approximation,
v(r→ s0) ≈ κ
4π|s′|3 s
′ × s′′ ln(ξ0/a0) + regular (392)
≈ κ
4π
s
′ × s′′ ln(ξ0/a0)
= As′ × s′′
or
∂s
∂t
= As′ × s′′ (393)
where
A =
κ
4π
ln(ξ0/a0) (394)
and a0 denotes the vortex filament radius that is much smaller than any other characteristic size in the system.
B. Physical quantities of Kelvin waves
Next, we discuss the physical quantities of the Kelvin waves along winding direction (z-direction), i.e., the projected
momentum pz and the projected angular momentum Jz. For a plane Kelvin wave of a lightly deformed straight vortex-
line, the function is described by
x = a cos(kz − ωt), y = a sin(kz − ωt). (395)
In SF with a vortex-line, the conventional momentum of the superfluid motion cannot be well defined. Instead, the
hydrodynamic impulse (the Lamb impulse) plays the role of the effective momentum that denotes the total mechanical
impulse of the non-conservative body force applied to a limited fluid volume to generate instantaneously from rest the
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given motion of the whole of the fluid at time t. In general, the (effective) momentum for a vortex-line from Lamb
impulse density is defined by
PLamb =
1
2
ρ0
∫
(s × ω)dV.
where ω = ∇× v.
By using the definition of a vortex-line
ω = κ
∫
s
′(ξ)δ(r − s(ξ, t))dξ,
we have
PLamb =
ρ0κ
2
∫
s× ds = ρ0κ
2
∫
s× s′dξ
=
ρ0κ
2
∫
[x(z, t)ex + y(z, t)ey + z(t)ez]
× (xzex + yzey + ez)zξdξ
=
ρ0κ
2
∫
[(y − zyz)ex + (zxz − x)ey
+ (xyz − yxz)ez]zξdξ.
The projected (Lamb impulse) momentum along z-direction pz of a vortex-line with a Kelvin wave is obtained as
pz = PLamb · ez (396)
=
ρ0κ
2
∫
(xyz − yxz)zξdξ
=
1
2
ρ0κla
2k
where l is length of the system along z-direction.
In general, the (Lamb impulse) angular momentum for a vortex-line is defined by
JLamb =
ρ0κ
2
∫
s× (s×ds)
=
ρ0κ
2
∫
s× (s × s′)dξ
=
ρ0κ
2
∫
(xyyz − y2xz − z2xz + zx)ex
+ (yz − z2yz − x2yz + xyxz)ey
+ (xzxz − x2 − y2 + yzyz)ezdz
where ρ0 is the superfluid mass density. Along z-direction, the projected (Lamb impulse) angular momentum of a
vortex-line with a Kelvin wave is given by
Jz = JLamb · ez (397)
=
ρ0κ
2
∫
(xzxz − x2 − y2 + yzyz)dz
=
ρ0κ
2
∫
(−a2kz cos(kz − ωt) sin(kz − ωt)
− a2 + a2kz cos(kz − ωt) sin(kz − ωt))dz
= −1
2
ρ0κla
2.
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